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Thesis Summary
This thesis addresses the minimum ramification problem: given a finite abelian group
A and a number field K, determine the minimum number of finite primes that must
be ramified in an abelian extension with Galois group isomorphic to A. The case of
K = Q and K = Q(√−1) is solved for all finite abelian groups in the thesis.
In chapter 1, we recall the main theorems of class field theory, highlighting the facts
which we will use subsequently, in particular, the local and global ramification criteria
(corollary 1.2.2 and corollary 1.2.5).
In chapter 2, we begin by giving the structure theorem of finitely generated abelian
pro-pi groups, abbreviated FGA-pi groups, which we will subsequently encounter. We
then define the notion of pk-rank of FGA-pi groups for a prime p and a positive integer
k, which allows us to prove a surjection criterion, theorem 2.2.5, a key theorem that
we will use repeatedly in chapter 3 and 4. The application of the final section §2.3 will
only appear in chapter 4.
In chapter 3, we work over the field K = Q. We apply the main theorems of class
field theory recorded in chapter 1 to determine the structure of Gal(Qab/Q). Following
which, we prove proposition 3.2.1 which allows us to think of solving the minimum
ramification problem in terms of finding a surjection from some FGA-pi group to a
given finite abelian group. The main result for the minimum ramification problem
over Q is proven in theorem 3.2.4.
In chapter 4, we work over the field K = Q(√−1). As in chapter 3, we use class
field theory to determine the structure of Gal(Qab/Q). We prove proposition 4.3.1
analogously to proposition 3.2.1, reformulating the minimum ramification problem to
the determination of the existence of surjections. We also provide a proof for the
structure of the local group of units O× of a finite extension over Qp in theorem 4.2.1.
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We introduce intermediate notions, e.g. property (P) (cf. §4.3.2), K-good abelian
groups and show how one can determine whether an abelian group has property (P) via
the (P)-Determining Algorithm (PDA). The main result for the minimum ramification
problem over Q(√−1) is given in theorem 4.3.21.
The use of proposition 3.2.1 in chapter 3 was suggested by Dr Chin C W, while the
re-applicability of the analogous proposition 4.3.1 to the case of K = Q(i) in chapter
4 is due to the author. The definition of pk-rank of a finitely generated abelian pro-pi
group is an initiative of the author, for the purpose of organizing the content of chapter
3 and 4. The main results of this thesis, namely theorem 3.2.4 and corollary 4.3.22,
are due to the independent work of the author of this thesis. The author is not aware






In 1937, Scholz and Reichardt independently proved that for any odd prime `, any `-
group can be realized as a Galois group of some finite extension E/Q. The extensions
given in the proof have at least n finite primes ramified where `n is the order of the
group ([4] §2). The question of whether the number of finite primes that ramify in the
extension can be reduced arises. In recent years, there have been lower bounds for the
number of finite primes ramified. The case of semiabelian p-groups are also completely
solved.
In this thesis, we are interested in the minimum ramification problem for the case of
finite abelian groups. More precisely, we consider the following problem:
Problem: Given a finite abelian group A and a number field K, determine the min-
imum number of finite primes in K that ramify, among all abelian extensions over K
with Galois group isomorphic to A.
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The problem involves finding a lower bound for the number of primes ramified in order
to realize an abelian group as a Galois group and construct a field extension achieving
this lower bound. For this, we define the following:
Definition 1.1.1. Let A be a finite abelian group. The minimum ramification of A
over a number field K is the smallest achievable number of finite primes in K that
must be ramified for any finite abelian extension E/K with Galois group isomorphic
to A to exist. In other words, it is the smallest number of finite primes in K that are
ramified, among all abelian extensions E/K with Galois group isomorphic to A.
For example, the extension Q(√2,√3)/Q is ramified at 2 and 3 and has Galois group
isomorphic to Z/2Z × Z/2Z; 2 finite primes are ramified. On the other hand, the
extension Q(ω)/Q where ω is a primitive 8-th root of unity is ramified only at 2 and
has Galois group also isomorphic Z/2Z × Z/2Z. We may ask whether there is a finite
abelian extension E/Q with Galois group isomorphic to Z/2Z × Z/2Z unramified at
every finite prime.
By applying class field theory, two cases will be solved completely: the case K = Q and
the case where K is a quadratic imaginary field whose ring of integers is a principal
ideal domain. In the remaining of this chapter, we will state the main theorems of
class field theory which will allow us to reduce the minimum ramification problem to
the determination of the existence of certain surjective homomorphism onto a given
finite abelian group. This will lead us to work in a more general setting, which will be
the object of chapter 2, before coming back to the two specific cases.
1.2 Class Field Theory and Ramifications
We shall state the main theorems in local and global class field theory. We will then
draw attention to the links to ramifications of abelian extensions, in particular, via the
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local and global ramification criteria.
1.2.1 Local Class Field Theory
In this section, K shall always denote a non-archimedean local field, m the maximal
ideal in OK and pi a uniformizer. Let FrobK denote the Frobenius automorphism
(raising to the power ∣(OK/m)∣ modulo pi) in Gal(Kur/K) ≃ Ẑ, where Kur is the
maximal unramified extension of K. Let Kab denote the maximal abelian extension
over K.
Theorem 1.2.1 (Main theorems of Local Class Field Theory)
(a) There exists a unique homomorphism ψK,loc ∶K× →Gal(Kab/K) such that
(i) ψK,loc(pi) ∈ Gal(Kab/K) restricts to FrobK in Gal(Kur/K) and
(ii) for any finite abelian extension E/K, the norm subgroup NmE/K(E×) lies
in the kernel of the composite homomorphism
K× ψK,locÐ→ Gal(Kab/K) resE/K↠ Gal(E/K).
(b) The homomorphism ψK,loc is continuous and for each finite abelian extension
E/K, the induced homomorphism ψE/K,loc ∶ K×/NmE/K(E×) → Gal(E/K) is






(c) (Existence theorem). Every closed subgroup of finite index in K× is a norm
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subgroup. In particular, there is a one-one inclusion reversing correspondence
between closed subgroups of finite index in K× and finite abelian extensions
E/K.
Proof. We refer to [1] chapter I theorem 1.1.
The map ψ is called the local reciprocity map. We have the first relationship between
the map ψK,loc and ramification of the extension E/K.
Corollary 1.2.2 (Local Ramification Criterion) Let E/K be a finite abelian extension.
Then E/K is unramified iff O×K ⊆ ker(resE/K ○ ψK,loc).
Proof. If E/K is unramified, then O×K = NmE/K(O×E) (cf. [1] chapter III proposition
1.2). By the second property of ψK,loc in part (a) of theorem 1.2.1, NmE/K(O×E) lies in
the kernel of resE/K ○ψK,loc. Conversely, suppose O×K lies in ker(resE/K ○ψK,loc). Let
E′/K be the only unramified extension over K with degree |Gal(E/K)|. As before,O×K lies in ker(resE′/K ○ψK,loc) = NmE′/K(E′×). Since K× decomposes naturally intoO×K × Z, we see that NmE′/K(E′×) is the unique open subgroup containing O×K and
has index |Gal(E/K)∣ in K×. Since NmE/K(E×) is another, we conclude using the
uniqueness in part (c) of theorem 1.2.1. ◻
1.2.2 Global Class Field Theory
Now let K denote a number field. We adopt in this thesis the notation ∣K ∣ to de-
note the set of all finite and infinite primes of K. For each prime v in ∣K ∣, let Kv
denote the completion of K with respect to v. Let Ov denote the ring of elements
with non-negative v-valuation in Kv. Let ψKv ,loc ∶ K×v → Gal(Kabv /Kv) be the local
reciprocity map at the prime v. For each v, let jv ∶ K¯ ↪ K¯v be an injection and (jv)∗ ∶
Gal(Kabv /Kv)→ Gal(Kab/K) be the induced homomorphism. Let A×K denote the idele
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group of K and C×K the idele class group of K. Define the map
ψK ∶ A×K → Gal(Kab/K)(av)v ↦ ∏v∈∣F ∣(jv)∗ ○ ψKv ,loc(av).
This is a well-defined homomorphism.
Theorem 1.2.3 (Artin’s Reciprocity Law) The homomorphism
ψK ∶ A×K → Gal(Kab/K)
is continuous and trivial on the diagonal discrete subgroup K×, therefore induces a
unique homomorphism ψ¯K ∶ C×K → Gal(Kab/K).
Proof. We refer to [1] chapter V theorem 5.3.
We call ψ¯K the global reciprocity map.
Theorem 1.2.4 (Main theorems of Global Class Field Theory)
(a) The map ψ¯K is surjective onto Gal(Kab/K), with kernel being the connected
component of the identity, denoted (C×K)0. In particular, we have the following
isomorphism of topological groups, induced by ψ¯K ,
K×/A×K/(K×/A×K)0 = C×K/(C×K)0 ≃ Gal(Kab/K).
(b) For any finite abelian extension E/K, the norm subgroup NmE/K(C×E) is the
kernel of the composite
C×K ψ¯K→ Gal(Kab/K) res↠ Gal(E/K)
and therefore induce an isomorphism C×K/NmE/K(C×E) ψ¯E/KÐ→ Gal(E/K). The
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(c) (Existence Theorem). Every closed subgroup of finite index in C×K is a norm
subgroup. In particular, there is a one-one inclusion reversing correspondence
between closed subgroups of finite index in C×K and finite abelian extensions
E/K.
Proof. We refer to [1] chapter V theorem 5.3, theorem 5.5, corollary 5.6.
We have the following criterion for ramification of a prime in an abelian extension over
K. We shall need the following in chapter 3 and 4.
Corollary 1.2.5 (Global Ramification Criterion) Let v be a finite prime in K and
let E/K be a finite abelian extension. Let ιK×v ∶ K×v ↪ A×K be the canonical injection.
Then v is unramified in E iff O×v ⊂ ker(resE/K ○ ψK ○ ιK×v ).
Proof. We first note that the map jv determines a prime w∣v in E above v. Let Ew be
the completion of E with respect to the valuation given by w. We have that Ew/Kv is
a finite abelian extension, which we consider, via jv, to be contained in Kabv . Now we
have by definition that
resE/K ○ ψK ○ ιK×v = resE/K ○ (jv)∗ ○ ψKv ,loc.
Next, we observe that resE/K ○ (jv)∗ ○ (ψKv ,loc) surjects onto the decomposition group
of w in Gal(E/K), which is canonically isomorphic to Gal(Ew/Kv) via (jv)∗. In other
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words, we have the following commutative diagram
Gal(Kabv /Kv) (jv)∗> Gal(Kab/K)
Gal(Ew/Kv)
resEw/Kv ∨∨ ⊂(jv)∗> Gal(E/K)resE/K∨∨
Suppose v is unramified, then Ew/Kv is an unramified finite abelian extension. By the
above commutative diagram, we have
resE/K ○ (jv)∗ ○ ψKv ,loc = (jv)∗ ○ resEw/Kv ○ ψKv ,loc.
Applying corollary 1.2.2, we get that O×v lies in ker((jv)∗ ○ resEw/Kv ○ψKv ,loc) and the
chain of equalities for resE/K ○ ψK ○ ιK×v above implies that O×v lies in the kernel of
resE/K ○ ψK ○ ιK×v .
Conversely, if O×v lies in ker(resE/K ○ ψK ○ ιK×v ), then by injectivity of (jv)∗, we get
that O×v lies in ker(resEw/Kv ○ ψKv ,loc), which implies that Ew/Kv is an unramified
extension, which in turns implies that E is unramified at v. ◻
1.3 Approach to the Problem
By global class field theory, to realize a finite abelian group A as Galois group over
a number field K is to find a continuous surjective homomorphism from C×K/(C×K)0
onto A. This map comes from a surjective homomorphism from A×K onto A. By global
ramification criterion, to solve the minimum ramification problem over a number field
K is to find a continuous surjective homomorphism from A×K to A, non-trivial only on
a minimum number of groups of units O×v and factoring through the quotient by the
connected component of identity and the discrete diagonal subgroup K×.
In the case of K = Q, the product of Z×p over all primes p determines Gal(Qab/Q)
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completely (cf. §3) while for the case K = Q(√−1), the product of O×v over all finite
primes v determines Gal(Kab/K) up to a quotient (cf. §4). Furthermore, in these two
cases, we may consider the product of only finitely many Z×p in the case K = Q andO×v in the case K = Q(√−1).
Lemma 1.3.1 (Homomorphism-Extension) Let {ϕi ∶ Gi → G∣i ∈ I} be a family of
homomorphisms of abelian groups, such that ϕi is the trivial homomorphism (maps
Gi to 1G) for all except finitely many i ∈ I. The unique homomorphism ⊕i∈I Gi → G
induced by the ϕi’s extends to a homomorphism ∏i∈I Gi → G.
The approach to the problem of finding the minimum ramification over K of an abelian
group A will consist of determining a minimum set of primes V in ∣K ∣ such that
the direct product of units groups ∏v∈V O×v surjects onto A factoring through the
quotient of a subgroup UV of O×V . It will be shown that the subgroup UV is the trivial
subgroup (resp. the group of roots of unity in K) in the case K = Q (resp. in the case




We wish to have a systematic way of working out the minimum ramification problem
for each finite abelian group. The relevant groups we are interested in are in general
a finite product of finite cyclic groups and p-adic groups Zp’s for various primes p.
These are finitely generated abelian pro-pi group. We will prove the structure theorem
of such groups and work out some properties of such groups. In particular, we shall
prove a criterion for the existence of a surjection of such a group onto a given finite
abelian group. This will be applied repeatedly in chapter 3 and 4 when proving the
main theorems.
2.1 Pro-pi groups
Let pi be a set of rational primes. Following [2] (chapter 2), a pro-pi group is a profinite
group whose order is a supernatural number n =∏p pn(p) with n(p) ∈ N⋃{∞}, n(p) ≠ 0
iff p ∈ pi for each prime p. We shall only be concerned with the case where pi is finite.
A finite product of finite cyclic groups and p-adic groups Zp’s, that is, a group of the
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form
C1 × . . . ×Ct ×Zp1 × . . . ×Zpu
for some cyclic groups C1, . . . ,Ct, is a finitely generated abelian pro-pi group for some
finite set of rational primes pi. Conversely, we have the following:
Theorem 2.1.1 (Structure theorem) Let G be a finitely generated abelian pro-pi group
and n = ∣pi∣. Suppose that pi = {p1, . . . , pn}. Then there are unique integers r ∈ Z≥0,
c1, . . . , cr ∈ Z>0 with c1∣c2∣ . . . ∣cr, each ci divisible only by primes in pi and unique non-
negative integers α1, . . . , αn ∈ Z≥0 such that G is isomorphic as a topological group to
the finite product
Z/c1Z × . . . ×Z/crZ × n∏
i=1(Zpi)αi .
Proof. Since G is abelian, G is pronilpotent. Since pi is finite, we have a canonical
isomorphism between G and the finite product of its Sylow subgroups ([5] §2.4). Thus,
it suffices to prove the theorem for finitely generated abelian pro-p groups. Next,
we observe that the category of finitely generated abelian pro-p groups is equivalent
to the category of finitely generated Zp-modules. More precisely, one can define a
natural functor which maps a finitely generated abelian pro-p group to itself, with
the natural structure of a Zp-module. Conversely, a finitely generated Zp-module, by
the structure theorem of finitely generated modules over a principal ideal domain, is
a finite product of p-power order cyclic groups and Zp’s, which is naturally a finitely
generated abelian pro-p group. Next, a continuous homomorphism of finitely generated
abelian pro-p groups is a homomorphism of Z-modules, which by continuity and density
of Z in Zp, is a Zp-module homomorphism. Conversely, a homomorphism of finitely
generated Zp-modules defines a continuous homomorphism of profinite groups. This
shows the equivalence of the two categories. By applying the structure theorem of
finitely generated modules over a principal ideal domain, every finitely generated Zp-
module is isomorphic to Z/pk1Z × . . . × Z/pkrZ × (Zp)α for some uniquely determined
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α, r, k1, . . . , kr ∈ Z with k1 ≤ . . . ≤ kr. This is the required statement. ◻
In the following, by a FGA-pi group, we mean a finitely generated abelian pro-pi
group. If G is an FGA-pi group, by a factor of G, we mean a summand in the unique
decomposition of G given in theorem 2.1.1.
2.2 A Criterion for Existence of Surjections
In this section, we shall develop the necessary tools to state the criterion for the
existence of a surjection from an FGA-pi group to a given finite abelian group.
Definition 2.2.1. Let pi = {p1, . . . , pn} be a finite set of rational primes, k ∈ Z>0 a
positive integer and G an FGA-pi group. Suppose G decomposes into
Z/c1Z × . . . ×Z/crZ × n∏
i=1(Zpi)αi
with c1∣ . . . ∣cr. For any rational prime p,
(a) for any k ∈ Z>00, we define the pk-rank of G to be the number of factors whose
order is divisible by pk with the convention that the order of Zp is divisible by
pk for any k, and
(b) we define the p∞-rank or the Zp-rank of G to be αi if p = pi and zero otherwise.
Example 2.2.2. Let A = Z/c1Z × . . . × Z/csZ be a finite abelian group with c1∣ . . . ∣cs.
For each prime p dividing cs and for each k ≥ 1, the pk-rank of A is s − i + 1 where i is
the smallest index such that ci is divisible by pk.
In the next proposition, we will be using several group theoretic facts involving the
notion of a non-generator. We refer to [3] chapter 5 for details. Let G be a group
and x be an element of G. We say that x is a non-generator of G if for any X ⊆ G
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such that x ∈ X and < X >= G, then < X/{x} >= G. For any group G, the Frattini
subgroup of G, denoted by Φ(G), is the intersection of all maximal subgroups of G.
It is known that the set of non-generators of a group G coincide with Φ(G). If G is a
finite p-group, then for any x in G, the element xp lies in Φ(G).
Proposition 2.2.3 Let G be an FGA-pi group, let p be a prime, let k ∈ Z>0 be a
positive integer and let A = (Z/pkZ)s a finite abelian p-group. Then G surjects onto
A iff we have (pk-rank of G)≥ s.
Proof. Suppose ϕ ∶ G ↠ (Z/pkZ)s is a surjection. Write G = ∏ti=1Ci ×∏uj=1Zαjpj for
some finite cyclic groups C1, . . . ,Ct. If the image of a (topological) generator of Ci for
1 ≤ i ≤ t or Zpj for 1 ≤ j ≤ u under ϕ has order less than pk, then it is a multiple of p of
some element in (Z/pkZ)s, which is therefore a non-generator by the above paragraph.
Since the minimum number of generators of A is at least s and G surjects onto A, at
least s of the topological generators of G must have image whose order in A is pk. This
means that G has pk-rank at least s.
Conversely, if G has pk-rank at least s, then G has at least s factors, each surjecting
onto Z/pkZ. Fix s such factors in G. Define a homomorphism from G into A by
mapping the i-th of these s factors onto the i-th factor 1×Z/pkZ×1 of A and mapping
every other factor trivially into A, we see that G surjects onto (Z/pkZ)s. ◻
Lemma 2.2.4 Let G be a FGA-pi group and let A be a finite abelian group. There
exists a continuous surjective homomorphism from G onto A if and only if for each
prime p, there exists a continuous surjective homomorphism from G onto the p-Sylow
subgroup of A.
Proof. For any group G to surject onto A, it is necessary that G surjects onto each
of the Sylow subgroups of A. To see that it is sufficient, suppose G surjects onto
each of the Sylow subgroups of A. Suppose ∣A∣ = ∏ti=1 pkii . For 1 ≤ i ≤ t, let ϕi be a
surjection from G onto the pi-Sylow subgroup of A. The product ϕ ∶= ∏ti=1ϕi defines
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a group homomorphism from G into A. For each 1 ≤ i ≤ t, let σi be the abelian group
endomorphism defined by multiplication by ∏j≠i pkjj . The composite σi ○ϕ = σi ○ϕi has
image contained in the image of ϕ. Since the image of ϕi is in the pi-Sylow subgroup
of A and σi restricts to an automomorphism of the pi-Sylow subgroup, we see that
the image of σi ○ ϕi is the same as the image of ϕi which is the whole of the pi-Sylow
subgroup. In particular, the image of ϕ contains the whole pi-Sylow subgroup. Since
this is true for each 1 ≤ i ≤ t, we see that the image of ϕ contains all Sylow subgroups
of A. Thus the image must be the whole of A and ϕ is surjective. ◻
We are now ready to state a criterion for a surjection of an FGA-pi group onto a given
finite abelian group to exist, in terms of the pk-ranks of each group.
Theorem 2.2.5 (Criterion for Surjection) Let G be an FGA-pi group and let A be a
finite abelian group. For G to surject continuously onto A, it is necessary and sufficient
that for every k ∈ Z>0 and every rational prime p,
(pk − rank of G) ≥ (pk − rank of A).
Proof. Let A be a finite abelian p-group. Suppose G surjects onto A. For k ∈ Z>0,
assume that A has pk-rank αk. Then A has a quotient (Z/pkZ)αk onto which G
surjects. By proposition 2.2.3, the pk-rank of G must be at least αk.
Conversely, suppose the pk-rank of G is at least that of A for each k ∈ Z>0. Let us
assume that A ≃ (Z/pi1Z)α1 × . . . × (Z/pisZ)αs with i1 < . . . < is. We shall prove by
induction on s. For s = 1, this is given by proposition 2.2.3. For the general case, by
hypothesis, G has at least αs factors, each of whose pis-rank is one. Let H1 ≤ G be the
product of αs such factors. Let H2 be the product of the remaining factors in G, that
is G ≃ H1 ×H2. Also, let A1 = (Z/pisZ)αs and A2 = (Z/pi1Z)α1 × . . . × (Z/pis−1Z)αs−1 ,
so that A ≃ A1 ×A2. By proposition 2.2.3, we have that H1 surjects onto (Z/pisZ)αs .
Since each of the factors in H1 contributes one to the pi-rank of G for 1 ≤ i ≤ is, we
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see that H2 has αs less pi-rank than G for each 1 ≤ i ≤ is. The same holds between A1
and A2, in particular, H2 has at least as many pi-rank as A2 for each i ∈ Z>0 and A2
has 0 pis-rank by construction, so that by induction hypothesis, H2 surjects onto A2.
A surjection of H2 onto A2 and a surjection of H1 onto (Z/pisZ)αs induce a surjection
from G onto A1 ×A2 ≃ A. This concludes the proof for the case where A is an abelian
p-group. By applying lemma 2.2.4, we obtain the result for a general finite abelian
group A. ◻
We end this section with a lemma by indicating what it means, in more arithmetical
terms, for the pk-rank of a finite abelian group to be larger than that of another finite
abelian group.
Lemma 2.2.6 Let p be a prime and let B1 = Z/px1Z× . . .×Z/pxrZ and B2 = Z/py1Z×
. . .×Z/pysZ be two abelian p-groups with x1 ≤ . . . ≤ xr, y1 ≤ . . . ≤ ys and r ≥ s. Suppose
that B1 surjects onto B2. Then for each 0 ≤ i ≤ s − 1, we have xr−i ≥ ys−i.
Proof. Suppose that there is an i0 with 0 ≤ i0 ≤ s − 1 such that xr−i0 < ys−i0 . Then
xi < ys−i0 for every 1 ≤ i ≤ r − i0. Thus the pys−i0 -rank of B2 is at least i0 + 1 but the
pys−i0 -rank of B1 is strictly less than i0+1. By theorem 2.2.5, this implies that B1 does
not surject onto B2, which is a contradiction. ◻
Note that the converse of lemma 2.2.6 is also true.
2.3 Admissible FGA-pi Groups
In this section, we will define admissible FGA-pi groups. This is the type of FGA-pi
groups that is involved in chapter 4.
For any abelian group G, let Tors(G) denote the torsion subgroup of G. If further G
is finite, let Syl2(G) denote the 2-Sylow subgroup of G. Now if G is an FGA-pi group,
then it can be uniquely decomposed, up to isomorphism, into the product of a finite
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abelian group Tors(G) and a torsion free FGA-pi group. Now suppose Syl2(Tors(G))
has normal form
Syl2(Tors(G)) ≃ Z/2`1Z × . . . ×Z/2`tZ, (2.1)
with `1 ≤ `2 ≤ . . . ≤ `t, for some integer t. Let `(G) denote the integer `1 which is
uniquely determined by G.
Definition 2.3.1. Let G be an FGA-pi group. We say that G is admissible if `(G) ≥ 2.
Lemma 2.3.2 Let G be an FGA-pi group and suppose it has decomposition
Z/c1Z × . . . ×Z/crZ × n∏
i=1(Zpi)αi ,
with c1∣ . . . ∣cr. Then G is admissible iff 4 divides the smallest even ci.
Proof. If i0 is such that ci0 is the smallest even number among the ci’s, then c1, . . . , ci0−1
are all odd so that Syl2(Tors(G)) ≃Syl2(Z/ci0Z× . . .×Z/crZ). By applying the Chinese
remainder theorem to each factor of Z/ci0Z × . . . × Z/crZ, we see that `(G) is largest
such that 2`(G) divides ci0 . Therefore `(G) ≥ 2 is equivalent to 4∣ci0 . ◻
Let G be an admissible FGA-pi group and let
A(G) ∶= Z/2`1Z × . . . ×Z/2`tZ ≃ Syl2(Tors(G)),
with `1 ≤ `2 ≤ . . . ≤ `t. In the following, we shall suppose that we are given an
isomorphism, γG, between Syl2(Tors(G)) and A(G). Let UG be the subgroup of A(G)
generated by the element
uG = (2`1−2, . . . ,2`t−2) (2.2)
which is cyclic of order 4. We note that A(G), UG, and uG are all uniquely determined
by G. The isomorphism γG however, is chosen by choice.
We shall be concerned with conditions under which a given homomorphism ϕ ∶ G→ A
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factors through the quotient by γ−1G (UG). We also say that ϕ factors through
the quotient γ−1G (UG)/G (we use left quotient for reason that will be apparent in











commutes. This is equivalent to saying that the quotient group γ−1G (UG)/G surjects
continuously onto Im(ϕ) or that γ−1G (uG) lies in the kernel of ϕ.
Given two FGA-pi groups G1 and G2 and two finite abelian groups A1 and A2, if
ϕ1 ∶ G1 → A1 and ϕ2 ∶ G2 → A2 are continuous homomorphisms, then there is a unique















The homomorphism (ϕ1, ϕ2) is injective (resp. surjective, bijective) iff ϕ1 and ϕ2 are
both injective (resp. surjective, bijective). Suppose that G1 and G2 are both admissible
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FGA-pi groups. The following proposition says that this also holds for the property of
factoring through the quotient by γ−1G1×G2(UG1×UG2) for some fixed isomorphism γG1
and γG2 .
Proposition 2.3.3 Let G1 and G2 be admissible FGA-pi groups and let A1 and A2
be finite abelian groups. Suppose ϕ1 ∶ G1 → A1 and ϕ2 ∶ G2 → A2 are two continuous
homomorphisms. Then G1 ×G2 is admissible and (ϕ1, ϕ2) is a surjection onto A1 ×A2
factoring through the quotient by (γG1 , γG1)−1(UG1×G2) iff ϕ1 and ϕ2 are surjections
onto A1 and A2 factoring through the quotient by γ−1G1(UG1) and γ−1G2(UG2) respectively.
Proof. Since Syl2(Tors(G1×G2)) = Syl2(Tors(G1))×Syl2(Tors(G2)), we get thatG1×G2
is admissible. Suppose uG1 and uG2 are respective generators of UG1 and UG2 given
in (2.2). Then uG1×G2 ∈ A(G1 × G2) ≃ A(G1) × A(G2) is, up to permutating its
components, the element (uG1 , uG2) ∈ A(G1)×A(G2). If vG1 and vG2 are the respective
preimages of uG1 and uG2 under γG1 and γG2 , then (vG1 , vG2) ∈ G1×G2 is the preimage
of uG1×G2 under (γG1 , γG2). Thus by the definition of (ϕ1, ϕ2), the element (vG1 , vG2)
lies in the kernel of (ϕ1, ϕ2) iff vG1 lies in the kernel of ϕ1 and vG2 lies in the kernel of
ϕ2, which is what is required. ◻
For the rest of this section, we are going to derive the arithmetical condition on an
FGA-pi group G to surject onto a finite abelian group A factoring through the quotient
by γ−1G (UG).
Lemma 2.3.4 Let G be an admissible FGA-pi group and A be a finite abelian group.
Suppose ϕ ∶ G → A is a continuous homomorphism. Suppose further that ∣A∣ is odd.
Then ϕ factors through the quotient by γ−1G (UG).
Proof. The subgroup γ−1G (UG) in G is a finite 2-subgroup. Since A has odd order,
Syl2(Tors(G)) lies in the kernel of this homomorphism, thus γ−1G (UG) ≤ Syl2(Tors(G))
lies in the kernel of ϕ and hence ϕ factors through the quotient by γ−1G (UG). ◻
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Proposition 2.3.5 Let G be an admissible FGA-pi group and A be a finite abelian
group. Suppose G surjects continuously onto A. There is a continuous surjection from
G onto A factoring through the quotient by γ−1G (UG) iff there is a continuous surjection
from G onto the 2-Sylow subgroup of A factoring through the quotient by γ−1G (UG).
Proof. Write A as a the product of its 2-Sylow subgroup and a 2-complement subgroup
B, that is A ≃ Syl2(A) × B. The forward implication is clear. For the converse, let
ϕ ∶ G ↠ A be a continuous surjection and let piB be the projection from A onto B.
By lemma 2.3.4, the continuous surjection piB ○ ϕ from G onto B factors through the
quotient by γ−1G (UG). Let piB ○ ϕ be the induced homomorphism from γ−1G (UG)/G onto
B. By hypothesis, γ−1G (UG)/G surjects onto Syl2(A). Thus γ−1G (UG)/G surjects onto
every p-Sylow subgroups of A and by lemma 2.2.4, γ−1G (UG)/G surjects onto A. ◻
Proposition 2.3.6 Let G be an admissible FGA-pi group and A = Z/2k1Z×. . .×Z/2ksZ
be a finite abelian 2-group with k1 ≤ . . . ≤ ks. Let α be the 2∞-rank of G. For a
continuous surjection ϕ ∶ G ↠ A onto A factoring through the quotient by γ−1G (UG)
to exist, it is necessary and sufficient that there is a surjection from Syl2(Tors(G))
onto the first s−α factors of A, namely Z/2k1Z× . . .×Z/2ks−αZ, factoring through the
quotient by γ−1G (UG).
Proof. Let us first prove the sufficiency statement. Firstly, G may be written as
G ≃ Syl2(Tors(G)) ×B × (Z2)α × n∏
i=1(Zpi)αi ,
where B is a 2-complement subgroup of Tors(G) and each pi is an odd prime for
1 ≤ i ≤ n. Suppose that Syl2(Tors(G)) surjects onto Z/2k1Z × . . . × Z/2ks−αZ, factoring
through the quotient by γ−1G (UG). Now, mapping B and ∏ni=1(Zpi)αi trivially into A
and surjecting (Z2)α onto the last α factors of A , namely Z/2ks−α+1Z× . . .×Z/2ksZ, we
get a continuous surjection from G onto A factoring through the quotient γ−1G (UG)/G.
For necessity, let ϕ ∶ G↠ A be a continuous surjection factoring through the quotient
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by γ−1G (UG). Writing G as above, ϕ must map B and ∏ni=1(Zpi)αi trivially into A.
Thus H ∶=Syl2(Tors(G)) × (Z2)α, surjects continuously onto A factoring through the
quotient by γ−1G (UG). Suppose γ−1G (UG)/Syl2(Tors(G)) does not surject onto Z/2k1Z×
. . . ×Z/2ks−αZ. By theorem 2.2.5, there must be some k ≥ 1 such that
2k − rank of (γ−1G (UG)/Syl2(Tors(G))) < 2k − rank of Z/2k1Z × . . . ×Z/2ks−αZ.
Since the γ−1G (UG)/H ≃ (γ−1G (UG)/Syl2(Tors(G))) × (Z2)α and since the 2k-rank of a
finite direct product is the sum of the of the 2k-ranks of the factors, we get that the
2k-rank of γ−1G (UG)/H is strictly less than the 2k-rank of A. By theorem 2.2.5, this
means γ−1G (UG)/H does not surject continuously onto A, which is a contradiction. This
concludes the proof. ◻
Theorem 2.3.7 Let G be an admissible FGA-pi group and A be a finite abelian group.
Let α be the 2∞-rank of G and suppose Syl2(A) has normal form Z/2k1Z× . . .×Z/2ksZ
with k1 ≤ . . . ≤ ks. Suppose further that G surjects continuously onto A. The following
are equivalent:
(a) G surjects continuously onto A factoring through the quotient γ−1G (UG)/G.
(b) For every k ∈ Z>0, we have
2k − rank of γ−1G (UG)/Syl2(Tors(G)) ≥ 2k − rank of Z/2k1Z × . . . ×Z/2ks−αZ.
Proof. By proposition 2.3.5, since G surjects continuously onto A, (a) is equivalent
to G surjects continuously onto Syl2(A) factoring through the quotient γ−1G (UG)/G.
By proposition 2.3.6, this is equivalent to Syl2(Tors(G)) surjecting onto Z/2k1Z× . . .×
Z/2ks−αZ factoring through the quotient γ−1G (UG)/Syl2(Tors(G)). By theorem 2.2.5,
this is equivalent to (b). ◻
We now determine the structure of the group UG/G, when it is expressed in its normal
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form.
Lemma 2.3.8 Let G = Z/2`1Z× . . .×Z/2`tZ be a finite abelian 2-group, admissible as
an FGA-pi group and let UG denote the subgroup of G generated by (2`1−2, . . . ,2`t−2).
Then there is an isomorphism
UG/G ≃ Z/2`1−2Z ×Z/2`2Z × . . . ×Z/2`tZ.
Proof. Let A ∶= Z/2`1−2Z ×Z/2`2Z × . . . ×Z/2`tZ. Define a homomorphism by
ϕ ∶ G → A(1,0, . . . ,0) ↦ (1,3(2`2−`1), . . . ,3(2`t−`1))(0, . . . , 1®
i-th
, . . . ,0) ↦ (0, . . . , 1®
i-th
, . . . ,0)
for 2 ≤ i ≤ t. This homomorphism is surjective with a kernel of order 4. It remains to
show that the element (2`1−2, . . . ,2`t−2) lies in the kernel of ϕ. Indeed,
ϕ((2`1−2, . . . ,2`t−2)) = 2`1−2ϕ((1,0, . . . ,0)) + 2`2−2ϕ(0,1,0, . . . ,0)
+ . . . + 2`t−2ϕ((0, . . . ,0,1))
= 2`1−2(1,3(2`2−`1), . . . ,3(2`t−`1))+
(0,2`2−2,0 . . . ,0) + . . . + (0, . . . ,0,2`t−2)
= (0,3(2`2−2) + 2`2−2, . . . ,3(2`t−2) + 2`t−2)
= (0, . . . ,0).
This concludes the proof. ◻
Corollary 2.3.9 Let G be an admissible FGA-pi group and A be a finite abelian group.
Let α be the 2∞-rank ofG. Suppose Syl2(Tors(G)) has normal form Z/2`1Z×. . .×Z/2`tZ
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with `1 ≤ . . . ≤ `t and Syl2(A) has normal form Z/2k1Z× . . .×Z/2ksZ with k1 ≤ . . . ≤ ks.
Suppose further that G surjects continuously onto A. The following are equivalent:
(a) There is a continuous surjection ϕ ∶ G ↠ A factoring through the quotient
γ−1G (UG)/G.
(b) For every k ∈ Z>0, we have
2k − rank of Z/2`1−2Z × . . . ×Z/2`tZ ≥ 2k − rank of Z/2k1Z × . . . ×Z/2ks−αZ.
Proof. This follows from theorem 2.3.7 and lemma 2.3.8. ◻
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Chapter 3
Minimum Ramification over Q
We begin by studying the Galois group Gal(Qab/Q). Following which, we prove the
main theorem for the minimum ramification over Q.
3.1 Idele Class group of Q
Let 1A×K denote the closed subgroup of A×K consisting of elements of norm 1. To begin
with, we have the following general result for any number field K.
Lemma 3.1.1 The norm homomorphism ∣.∣ ∶ A×K → R>0 splits and induces an isomor-
phism (non-canonical) of topological groups
A×K ≃ 1A×K ×R>0.
Proof. The splitting homomorphism may be given explicitly when the choice of a
particular infinite prime is specified. Let v∞ denote an infinite prime in ∣K ∣. Define a
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homomorphism
s ∶ R>0 → A×K
r ↦ (xv)v∈∣K∣ where xv =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
r if v = v∞ and v∞ is a real prime√
r if v = v∞ and v∞ is a complex prime
1 otherwise
We have that ∣s(.)∣ = IdR>0 and s are continuous homomorphisms. Hence s is a splitting
of the norm map. The kernel of the norm map is the closed subgroup 1A×K . This
splitting therefore gives rise to an isomorphism A×K ≃ 1A×K ×R>0. ◻
Theorem 3.1.2 Consider the idele group A×Q of Q.
(a) The canonical diagonal embedding homomorphism ι ∶ Q× ↪ 1A×Q splits and in-
duces an isomorphism of topological groups
1A×Q ≃ Q× × Ẑ×.
(b) The canonical splittings of ι and ∣.∣ for K = Q induce a canonical isomorphism of
topological groups
A×Q ≃ Q× × Ẑ× ×R>0.
(c) The global reciprocity map ψQ and the isomorphism given in part (b) compose
to give a canonical isomorphism
Ẑ× ≃ Gal(Qab/Q).
Proof. (a) For each x in 1A×Q, let y in Q× be the rational number having the same
p-valuation as x at every rational prime p and same sign as the ∞-component of x.
Considering y as an element in 1A×Q, we have that x/y is a p-adic unit at every rational
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prime component and equal to 1 at the infinite prime component because x ∈ 1A×Q
has norm 1. Therefore x/y is an element u of Ẑ× × 1. Since Q× and Ẑ× has trivial
intersection in 1A×Q, the expression of x as a product of y and u is unique. This defines
a continuous splitting for ι with a compact kernel Ẑ×. Since Q× injects continuously
onto a closed subgroup of 1A×Q, this induces an isomorphism of topological groups
1A×Q ≃ Q× × Ẑ×.
(b) When K = Q, there is a natural choice of splitting map as given in the proof of
lemma 3.1.1 because there is only one infinite prime. With this canonical splitting, we
get a canonical isomorphism of topological groups
A×Q ≃ 1A×Q ×R>0 (given by lemma 3.1.1)
≃ Q× × Ẑ× ×R>0. (given by part (a))
(c) By part (b), we have canonical isomorphisms,
C×Q ≃ Q×/A×Q ≃ Q×/(Q× × Ẑ× ×R>0) ≃ Ẑ× ×R>0.
Thus, we see that (C×Q)0 ≃ 1 ×R>0. We get an isomorphism
C×Q/(C×Q)0 ≃ (Ẑ× ×R>0)/(1 ×R>0) ≃ Ẑ×.
By the main theorem of global class field theory (theorem 1.2.4), the global reciprocity
map gives rise to an isomorphism
C×Q/(C×Q)0 ≃ Gal(Qab/Q).




We shall restate the global ramification criterion, lemma 1.2.5, in the case here where
K = Q.
Corollary 3.1.3 (Global Ramification Criterion over Q) Let E/Q be a finite abelian
extension, p be a finite prime in Q. Let ιQ×p ∶ Q×p ↪ A×Q be the canonical injection. Then
p is unramified in E iff Z×p ⊂ ker(resE/Q ○ψQ ○ ιQ×p). In other words, p is ramified in E
iff ψE/Q = resE/Q ○ ψQ is non-trivial when restricted to the closed subgroup Z×p .
3.2 Minimum Ramification over Q
We shall now apply the theorems of chapter 1 and 2 to solve the minimum ramification
for finite abelian extensions over Q. Let us begin with a first reduction of the problem
to a question of the existence of continuous surjections.
Proposition 3.2.1 Let A be a finite abelian group. Let V ∶= {p1, . . . , pr} be a set
of r primes in Q. There is a finite abelian extension E/Q realizing A and whose set
of ramified primes is precisely V iff there is a continuous surjective homomorphism
ϕ ∶∏ri=1Z×pi ↠ A with each factor Z×pi mapping non-trivially into A.
Proof. Suppose there is a finite abelian extension E/Q realizing A and whose set of
ramified primes is precisely V . For each prime p, we have the following commutative
diagram:







where q is the canonical quotient map and ιQ×p is the canonical injection (cf. notation in
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§1.2). By commutativity of the diagram, ∏pZ×p surjects continuously onto Gal(E/Q)
via ψ¯E/Q. By global ramification criterion over Q (corollary 3.1.3), ψ¯E/Q maps Z×p
non-trivially into A for each p ∈ V and trivially into A for every other p. Thus the map
ψ¯E/Q restricted to ∏ri=1Z×pi surjects continuously onto A; it has the required properties.
Conversely, suppose that there is a continuous surjective homomorphism mapping each
factor Z×pi non-trivially into A. Then by mapping each Z×p trivially into A for each
p ∉ V , we obtain a homomorphism from ∏pZ×p onto A. By lemma 1.3.1, this induces a
continuous surjective homomorphism from ∏pZ×p ≃Gal(Qab/Q) onto A, non-trivial on
precisely the factors Z×p for p ∈ V . The kernel in Gal(Qab/Q) of this homomorphism
fixes a finite abelian extension E/Q. By global ramification criterion over Q, the set
of ramified primes of E/Q is precisely V . ◻
3.2.1 Some Special Cases
Before proving the main theorem, we shall work out a particular case first. We first
recall that by Dirichlet’s Theorem, for any positive integer n ≥ 1, there are infinitely
many primes p such that p ≡ 1 (mod n).
Lemma 3.2.2 Let p be an odd prime number and let A = (Z/pZ)s be a finite abelian
group. The minimum ramification of A over Q is s.
Proof. For each prime q, we have Z×q ≃ Zq × Z/(q − 1)Z for odd prime q and Z×2 ≃
Z2×Z/2Z. Then Z×q has p-rank at most one for q odd and Z×2 has zero p-rank. Therefore
by theorem 2.2.5, there must be at least s distinct primes in order that∏si=1Z×pi surjects
onto A. By proposition 3.2.1, the minimum ramification of A over Q is at least s. This
lower bound can be achieved by choosing s rational primes p1, . . . , ps such that p∣pi −1
for each i. Each Z×pi will have p-rank one. This is possible by the remark above.
Theorem 2.2.5 implies that ∏si=1Z×pi surjects onto A, and by proposition 3.2.1, there
is a finite abelian extension E/Q with s primes ramified and whose Galois group is
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isomorphic to A. Thus the minimum ramification of A over Q is s. ◻
We shall need the following general fact about ramification of extension over number
fields.
Lemma 3.2.3 Let A and B be finite abelian groups and suppose there is a surjection
from A onto B. Let K be a number field. Then the minimum ramification of A over
K is greater than or equal to the minimum ramification of B over K.
Proof. Let E/K be a finite abelian extension with Gal(E/K) isomorphic to A and let
ϕ ∶ A→ B be a surjection. Let s be the minimum ramification of B over K. The kernel
of ϕ fixes a Galois intermediate field extension F over K with Gal(F /K) isomorphic
to B. Since the number of ramified primes in F /K is at least s, and since ramification
index of E/K at any finite prime v ∈ ∣K ∣ is the product of the ramification index of
E/F at some prime w ∈ ∣F ∣ and the ramification index of F /K at v, we see that E/K
must also have at least s ramified primes. Thus the minimum ramification of A over
K is at least s. ◻
We shall be using lemma 3.2.3 repeatedly in the following and in chapter 4. This is
especially useful for us to find a lower bound for the minimum ramification of a finite
abelian group when a simpler quotient group exists.
3.2.2 Main Theorem
We can now prove the main theorem for the minimum ramification problem over Q.
The minimum ramification over Q of a finite abelian is easily determined by knowing
the factorization of the first 2 constants in the normal form expression of A. For this, we
shall always use A to denote a finite abelian group with normal form Z/c1Z×. . .×Z/csZ
with c1∣ . . . ∣cs. Thus given a finite abelian groupA, the smany constants c1, . . . , cs ∈ Z>0
shall always denote the coefficients appearing in the normal form expression of A and
we say that c1, . . . , cs are the parameters of A.
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Theorem 3.2.4 Let A be a finite abelian group with parameters c1, . . . , cs.
(a) Suppose s = 1. Then the minimum ramification of A over Q is one.
(b) Suppose s ≥ 2. Then
(i) if c1 = 2 and c2 is a power of 2, then the minimum ramification of A over Q
is s − 1,
(ii) if c1 ≠ 2 or c2 is not a power of 2, then the minimum ramification of A over
Q is s.
Proof. (a) Any realization of any non-trivial finite abelian group A over Q is ramified
at some prime, therefore the minimum ramification of A is at least 1. This is because
if a finite abelian extension is unramified at every prime p, then by corollary 3.1.3,
the closed subgroup Ẑ× ≤ A×Q must be mapped trivially onto A, and therefore the
corresponding surjective homomorphism from C×Q/(C×Q)0 onto A must be the trivial
homomorphism, in other words, the extension is the trivial extension. If A is cyclic
of order c1, then by the remark before lemma 3.2.2, if p is a prime such that p ≡ 1
(mod c1), then the unit group Z×p surjects onto A and by proposition 3.2.1, there is a
realization of A over Q with only one ramified prime. Thus the minimum ramification
of a finite cyclic group over Q is one.
(b) Firstly, Z×q has p-rank at most one for any rational prime p, except when p = q = 2,
in which case, Z×2 has 2-rank two and 2k-rank one for any k ≥ 2. Next, for the finite
abelian group A, by choosing s primes, {p1, . . . , ps} such that for 1 ≤ i ≤ s, we have Z×pi
surjects onto Z/ciZ, there is always a finite abelian extension E/Q with Galois group
isomorphic to A and with s primes ramified. In other words, the minimum ramification
of any finite abelian group over Q is at most s.
(i) If c1 = 2 and c2 is a power of 2, then for 3 ≤ i ≤ s, choose a prime pi such that Z×pi
surjects onto Z/ciZ, we have that Z×2 ×∏si=3Z×pi surjects onto A. Thus by proposition
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3.2.1, there is a finite abelian extension E/Q with Galois group isomorphic to A and
with s− 1 primes ramified. Furthermore, the 2-rank of ∏s−2i=1 Z×pi for any s− 2 primes is
at most s− 1 whereas the 2-rank of A is s. This shows that there is no surjection from
∏s−2i=1 Z×pi onto A, thus any realization of A over Q has at least s − 1 primes ramified.
This shows that the minimum ramification of A over Q is s − 1.
(ii) By the paragraph in point (b), the minimum ramification of any finite abelian
group over Q is at most s. Hence, it remains to show that the minimum ramification
of the each of the following cases is at least s.
Case: c1 has an odd prime factor. Then A has a quotient of the form (Z/pZ)s for some
odd prime p. By lemma 3.2.3, the minimum ramification of A is at least the minimum
ramification of (Z/pZ)s over Q, which is equal to s by lemma 3.2.2.
Case: c1 is divisible by 4. Then A has a quotient (Z/4Z)s. Since any Z×q has at
most 4-rank one, by theorem 2.2.5 and proposition 3.2.1, the minimum ramification of(Z/4Z)s over Q at least s. By lemma 3.2.3, the minimum ramification of A is at least
s. By the remark made at (b), the minimum ramification of A over Q is s.
Case: c1 = 2 and c2 has an odd prime factor. Then A has a quotient Z/2Z×(Z/2pZ)s−1
for some odd prime p. By lemma 3.2.3, the minimum ramification of A over Q is at
least the minimum ramification of Z/2Z × (Z/2pZ)s−1 over Q. For any set of s − 1
primes, the 2-rank of ∏s−1i=1 Z×pi is at most s with equality iff 2 is one of the s−1 primes.
However, as Z×2 has p-rank zero, therefore ∏s−1i=1 Z×pi has p-rank at most s−2 whenever 2
is among the s− 1 primes. This shows that there cannot be a surjection from ∏s−1i=1 Z×pi
onto A for any set of s − 1 primes by theorem 2.2.5, and by proposition 3.2.1. Hence,





We begin by studying Gal(Kab/K) where K = Q(√−1). Following which, we prove the
main theorem of the minimum ramification over Q(√−1). By going along the same
line of argument, one may be able to find the corresponding statement for the case
where K is a quadratic imaginary extension over Q whose ring of integers OK is a
principal ideal domain (i.e. the class number of K is 1).
4.1 Idele Class Group of Q(√−1)
LetK = Q(√−1) be the base field, let ∣K ∣ denote the collection of primes inK, let ∣K ∣∞
denote the set of infinite primes of K and let Ô× denote the product ∏v∈∣K∣/∣K∣∞ O×v ×1
in A×K . Since K is a totally imaginary field, there is only one infinite complex prime,
which we denote v∞ ∈ ∣K ∣ and K×v∞ is simply C×. We shall write C× ≃ R>0 × T where
T is the unit circle center at 0 in the complex plane, isomorphic as topological group
to R/Z.
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Theorem 4.1.1 Let U denote the group of roots of unity in K×, considered as a
discrete subgroup in A×K embedded diagonally.
(a) The closed subgroup 1A×K of A×K is generated by the discrete diagonal subgroup
K× and Ô× × T . That is,
1A×K =K×(Ô× × T ).
(b) The idele class group C×K is isomorphic to (U/(Ô× ×T ))×R>0. In particular, we
have an isomorphism of topological groups
Gal(Kab/K) ≃ U/Ô×.
Proof. (a) Firstly, the discrete closed subgroup K× and the closed subgroup (Ô× × T )
are both contained in 1A×K . Let x be an element in 1A×K . Since OK is a principal ideal
domain, for each finite prime v in ∣K ∣, there is an element pv in OK with v-valuation
1 and w-valuation 0 for every other finite prime w in ∣K ∣. This implies that there is
some element y in K× with the same v-valuation as x for every finite prime v. The
element x/y in 1A×K has norm 1 and has v-valuation 0 at every finite prime v. By the
product-formula, the infinite prime component of x/y must have complex norm 1, that
is, it lies in T . Thus we have that x = y(x/y) which lies in K×(Ô× × T ) and therefore
1A×K is generated by K× and (Ô× × T ).
(b) By lemma 3.1.1, because there is only a single infinite prime, we have a canonical
isomorphism
A×K ≃ 1A×K ×R>0.
By part (a), we obtain
A×K ≃ (K×(Ô× × T )) ×R>0.
Since K× lies in 1A×K , it has trivial intersection with R>0. Since U=K×⋂(Ô× ×T ), we
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have
K×/(K×(Ô× × T )) ≃ U/(Ô× × T )
as compact topological groups. Therefore we have
C×K =K×/A×K ≃ (K×/(K×(Ô× × T ))) ×R>0 ≃ (U/(Ô× × T )) ×R>0.
Finally, passing to the quotient by the connected component of C×K , we have by global
class field theory Theorem 1.2.4(a) that
Gal(Kab/K) ≃ U/Ô×
◻
We restate the global ramification criterion here in the case K = Q(√−1).
Corollary 4.1.2 (Global Ramification Criterion over K = Q(√−1)) Let E/K be a
finite abelian extension, v be a finite prime in ∣K ∣. Let ιK×v ∶K×v ↪ A×K be the canonical
injection. Then v is unramified in E iff O×v ⊂ ker(resE/K ○ ψK ○ ιK×v ). In other words,
v is ramified in E iff ψE/K = resE/K ○ ψK is non-trivial when restricted to the closed
subgroup O×v .
4.2 Structure of O×v
We shall determine the structure of the local multiplicative group of units at every
finite prime v in K.
Theorem 4.2.1 Let p be a rational prime and F /Qp be a finite extension of degree
d. Let O×F be the group of units in OF . Let µ(F ) ≃ (Z/kZ) denote the cyclic group of
roots of unity in F . Then O×F ≃ (Zp)d × (Z/kZ).
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Proof. Let e be the ramification index of F /Qp. Suppose µ(F ) has order k with
ordp(∣µ(F )∣) = a and let f be the residue degree of F /Qp. We have a canonical split
exact sequence
1→ 1 +mF → O×F → O×F /(1 +mF )→ 1
where the splitting is given by mapping O×F /(1 + mF ) ≃ k×F isomorphically onto the
prime to p group of roots of unity in O×F , which has order pf − 1 by Hensel’s lemma.
Thus we get a canonical isomorphism
O×F ≃ Z/(pf − 1)Z × (1 +mF ).
Next we show that 1 +mF is a finitely generated Zp-module. Let x be an element in
1+mnF for some n ∈ Z>0. Writing x = 1+y with y ∈ mnF , we have xp = 1+ pC1y+ . . .+yp.
Computing the mF -valuation of xp − 1, we have
(mF − valuation of xp − 1) = (mF − valuation of pC1y + . . . + yp)





min{e + 1, p} if k = 1
min{e + δ(k − 1), δ(k − 1)p} if k > 1 .
Thus the mF -valuation of 1 − xpk is at least δ(k) for every k. We note that δ is
strictly increasing, that is, for each k ∈ Z>0, we have δ(k) < δ(k + 1). This implies
that xp
k
converges to 1 as k tends to infinity. Let α = ∑∞k=0 akpk be an element in Zp,
where each ak belong to the set {0, . . . , p − 1}. Since the k-th general term, namely
xakp
k
, converges to 1 as k tends to infinity, by the non-archimedean property of F ,
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the infinite product xα ∶= ∏∞k=0 xakpk converges (one checks that the first δ(k) terms
of xα is determined only by the first k terms in the product). By commutativity and
associativity of multiplication, if x1, x2 ∈ O×F , and α1, α2 ∈ Z≥0, then x(α1α2)1 = (xα11 )α2
and (x1x2)α1 = xα11 xα12 . By definition, the map (α,x)↦∏∞k=0 xakpk from Zp × (1+mF )
to 1 +mF is continuous in the first component, therefore if α1, α2 ∈ Zp, then x(α1α2)1 =(xα11 )α2 and (x1x2)α1 = xα11 xα12 also holds by density of Z≥0 in Zp. This defines a
Zp-module structure on 1 +mF .
Next, with the topology inherited from F×, the closed subgroup 1 +mF and any of its
closed subgroup are profinite groups. The family of open subgroups {1 +mk+nF }n∈Z>0
forms a filtering local basis of the identity for 1 +mkF and any k. We have
1 +mkF ≃ lim←Ð
n
(1 +mkF )/(1 +mk+nF ).
There exists an n0 ∈ Z>0 such that δ(n) = e+δ(n−1) for every n ≥ n0. For each n ≥ n0,
the quotient (1 + mδ(n−1)F )/(1 + mδ(n)F ) ≃ (1 + mδ(n−1)F )/(1 + mδ(n−1)+eF ) is an Fp-vector
space with pef = pd elements. We have a chain of groups
1 +mδ(n0)F ⊇ 1 +mδ(n0)+eF ⊇ . . .
whose consecutive quotients are Fp-vector spaces of dimension equal to d. This implies
that (1 + mδ(n0)F )/(1 + mδ(n0)+neF ) is a direct product of d copies of cyclic p-groups of
order pne. Since the inverse limit of a direct product is isomorphic to the direct product
of inverse limits, we obtain that the inverse limit lim←Ð
n
(1 + mδ(n0)F )/(1 + mδ(n0)+nF ) is a
direct product of d copies of Zp. Thus 1 +mδ(n0)F is a free Zp-module of rank d. Since(1+mF )/(1+mδ(n0)F ) is a finite group, 1+mF is finitely generated. Any finitely generated
Zp-module is given by the product of a free Zp-submodule of finite rank and its torsion
submodule. In this case, 1 + mF is the product of its torsion submodule and a free
Zp-submodule of rank d. The torsion elements of 1 +mF is exactly the p power roots
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of unity in F . Thus 1 +mF ≃ (Zp)d × (Z/paZ). Thus we have
O×F ≃ (Z/(pf − 1)Z) × (1 +mF ) ≃ (Z/(pf − 1)Z) × (Z/paZ) × (Zp)d ≃ (Z/kZ) × (Zp)d
as required. ◻
For each prime v ∈ ∣K ∣, we shall let ev denote the ramification index of v in K over Q,
let fv denote residue degree of v in K over Q and let gv denote the number of primes
conjugate to v. Since [K ∶ Q] = 2, for each prime v ∈ ∣K ∣, the triplet (ev, fv, gv) is either
(2,1,1), (1,2,1) or (1,1,2).
Let us recall some properties of the quadratic imaginary extension K/Q where K =
Q(√−1) and √−1 is a root of the polynomial X2 + 1 ∈ Q[X]. The ring of integers
of K is monogenic, i.e. given by adjoining a single integral element
√−1 to Z, and is
also known as the ring of Gaussian integers. This is a principal ideal domain. The
discriminant of K/Q is −4. Since a rational prime in Q is ramified in K iff it divides
the discriminant, the only ramified prime in K is 2. Thus ev = 2 iff v lies above 2. If p
is a prime congruent to 1 (mod 4), then −1 is a square modulo p, which is equivalent
to saying that the polynomial X2 + 1 ∈ Fp[X] has roots in Fp and has two distinct
factors in Fp[X]. Thus p splits because each distinct prime factor of X2 + 1 ∈ Fp[X]
corresponds to a maximal ideal containing the ideal pZ[√−1] in Z[√−1]. If p is a
prime congruent to 3 (mod 4), then the polynomial X2 + 1 ∈ Fp[X] is irreducible and
therefore non-split in K/Q. We summarize this in the following lemma.
Lemma 4.2.2 Let v be a prime in K lying over a rational prime p.
(a) If p ≡ 1 (mod 4), then (ev, fv, gv) = (1,1,2) and O×v = Z×p ≃ (Z/(p − 1)Z) ×Zp.
(b) If p ≡ 3 (mod 4), then (ev, fv, gv) = (1,2,1) and O×v ≃ (Z/(p2 − 1)Z) × (Zp)2.
(c) If p is 2, then (ev, fv, gv) = (2,1,1) and O×v ≃ (Z/4Z) × (Z2)2.
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Proof. For each congruence class that p lies in, the values of the triplet (ev, fv, gv) is
explained in the paragraph above.
When (ev, fv, gv) = (2,1,1), we claim that the group of roots of unity in Q2(√−1) is
cyclic of order 4. To show this, it suffices that to show that the polynomial X4 + 1
is irreducible over Q2 because this implies that a field extension containing an eighth
root of unity must have degree at least 4 over Q2 and Q2(√−1) does not contain any
prime to 2 roots of unity by Hensel’s lemma. But X4 + 1 is irreducible over Q2 iff
the polynomial (X − 1)4 + 1 is irreducible over Q2. It can be checked by Eisenstein’s
criterion that (X − 1)4 + 1 is irreducible.
When (ev, fv, gv) = (1,2,1), the group of roots of unity in Qp(√−1) is, by Hensel’s
lemma, a cyclic group of order ∣k×v ∣ = p2 − 1.
Similarly, when (ev, fv, gv) = (1,1,2), the group of roots of unity in Qp(√−1) = Qp is,
by Hensel’s lemma, a cyclic group of order p − 1. Thus applying Theorem 4.2.1, we
obtain the structure of O×v in each of the cases. ◻
In view of the structure of O×v at various v ∈ ∣K ∣, we define
P1 ∶= {p rational prime ∣ p ≡ 1(mod 4)} and
P3 ∶= {p rational prime ∣ p ≡ 3(mod 4)}.
Thus we get the structure of Gal(Kab/K) as
Gal(Kab/K) ≃ U/⎛⎝Z/4Z ×Z22 × ∏p∈P1((Z/(p − 1)Z)2 × (Zp)2) × ∏p∈P3(Z/(p2 − 1)Z ×Z2p)⎞⎠ .
Below is a tabulation of the qk-ranks of O×v under various combination of cases.
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qk-rank q = 2 q odd, q = p q odd, q ≠ p
k <∞ k =∞ k <∞ k =∞ k <∞ k =∞
v∣p, p = 2 at most 3 2 - - 0 0O×v v∣p, p ∈ P3 at most 1 0 2 2 at most 1 0
v∣p, p ∈ P1 at most 1 0 1 1 at most 1 0
Table 4.1: Ranks of O×v
4.3 Minimum Ramification over K
We shall now apply the theorems of chapter 1 and 2 to solve the minimum ramification
over K ∶= Q(√−1). We shall fix some notations for the rest of the chapter. Suppose
V is a finite set of primes in ∣K ∣. To simplify notation, we let O×V denote ∏v∈V O×v .
We denote the subgroup of roots of unity of K× embedded diagonally into O×V ≤ A×K
by UV . Thus UV is a particular discrete cyclic subgroup of order 4 in O×V . Keeping
the notation in Theorem 4.1.1, U denotes the group of roots of unity in K× embedded
diagonally into A×K . We recall a term given in §3.2.2: if A is a finite abelian group with
normal form Z/c1Z × . . . ×Z/csZ with c1∣ . . . ∣cs, the s constants c1, . . . , cs ∈ Z>0 are the
parameters of A.
Using the approach applied in chapter 3, we first begin with the following reduction of
the problem.
Proposition 4.3.1 Let A be a finite abelian group with parameters c1, . . . , cs. Let
V ∶= {v1, . . . , vr} be a set of r primes in ∣K ∣. There is a finite abelian extension E/K
realizing A and whose set of ramified primes is precisely V iff there is a continuous
surjective homomorphism ϕ ∶ O×V ↠ A mapping each factor O×vi non-trivially into A
and factoring through the quotient UV /O×V .
Proof. Suppose there is a finite abelian extension E/K realizing A and whose set
of ramified primes is precisely V . For each prime v ∈ ∣K ∣, we have the following
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commutative diagram:






where q¯ is the canonical quotient map, ιK×v is the canonical injection. By commutativity
of the diagram, U/∏v∈∣K∣/{v∞}O×v surjects onto Gal(E/K) via ψ¯E/K . This implies that




where q˜ is the canonical quotient map and ϕE/K is the composite map ψE/K ○ q˜. By
global ramification criterion over K (corollary 4.1.2), ϕE/K maps O×v non-trivially into
Gal(E/K) for each v ∈ V and trivially for v ∈ ∣K ∣/(V ⋃{v∞}). Thus the map ϕE/K
restricted to O×V surjects continuously onto Gal(E/K). This restricted map factors
through the quotient UV /O×V and is the required homomorphism.
Conversely, suppose there is a continuous surjective homomorphism ϕ ∶ O×V → A, with
each factorO×vi mapped non-trivially intoA and factoring through the quotient UV /O×V .
Then by mapping each O×v trivially into A for each finite prime v ∉ V , we obtain a
homomorphism from⊕v∈∣K∣/{v∞}O×v onto A. By lemma 1.3.1, this induces a continuous
surjective homomorphism ϕ from ∏v∈∣K∣/{v∞}O×v onto A, non-trivial on precisely the
factors O×v for v ∈ V . Since each O×v for v a finite prime not in V , is mapped trivially
into A, we obtain that ϕ factors through the quotient U/∏v∈∣K∣/{v∞}O×v ≃Gal(Kab/K).
The gives rise to a finite abelian extension E/K. By global ramification criterion over
K, the set of ramified primes of E/K is precisely V . ◻
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4.3.1 Some Special Cases
We shall prove some special cases, before proceeding to more general cases.
Lemma 4.3.2 Let A be a finite abelian group with parameters c1, . . . , cs. There is
a finite set V of s finite primes in ∣K ∣, each lying above some prime in P1, such thatO×V surjects onto A factoring through the quotient by UV . In particular, the minimum
ramification of A over K is at most s.
Proof. This is equivalent to showing that there is a realization of A over K with s
ramified primes. By the remark just before lemma 3.2.2, we can choose primes qi such
that qi ≡ 1 (mod 4ci) for each i = 1, . . . , n. Then each of these primes belongs to P1.
From the structure of O×vi where vi is a prime in ∣K ∣ lying above qi given in lemma
4.2.2, and Theorem 2.2.5, there is a surjection ϕi from O×vi onto Z/ciZ where vi is a
prime in ∣K ∣ lying over qi. Let V ∶= {v1, . . . , vr}. These surjections induce a surjection
ϕ from O×V onto A. For each 1 ≤ i ≤ r, let αi be a choice of a primitive (qi − 1)-th root
of unity in K×vi . Then
ϕ(√−1) = (ϕ1(α1( q1−14 )1 ), . . . , ϕr(αr( qr−14 )r )) (where i = 1 or 3)= (1c1l1ϕ1(α1), . . . , rcrlrϕr(αr)) (since 4ci∣(qi − 1))
= (0, . . . ,0).
This implies that ϕ factors through the quotient UV /O×V . Thus by proposition 4.3.1,
there is a realization of A over K with s primes ramified. ◻
Lemma 4.3.3 The minimum ramification of a finite cyclic group over K is 1.
Proof. By lemma 4.3.2, the minimum ramification over a finite cyclic group is at most
1. But since the ring of integers of K is a principal ideal domain, the ideal class
group, which is isomorphic to the Galois group over K of the Hilbert class field of K,
is the trivial group, implying that there is no non-trivial finite abelian extension over
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K unramified at every prime (infinite prime included). Since no ramification at the
infinite prime of K is possible, any finite abelian extension over K is ramified at some
finite prime in ∣K ∣; the minimum ramification of any non-trivial finite abelian group
over K is at least 1. ◻
Lemma 4.3.4 Let A = (Z/pZ)s be an elementary abelian group for some prime p ∈ P1,
s ∈ Z>0. Then the minimum ramification of A over K is s.
Proof. By lemma 4.3.2, it suffices to show that any realization of A over K has at least
s ramified primes. Let E/K be a realization of A over K. By proposition 4.3.1, there
is a finite set of primes V ∶= {v1, . . . , vr} such that UV /O×V surjects onto A with each
factor mapping non-trivially into A. From table 4.1, since p ∈ P1, the p-rank of O×vi is
at most one for any prime vi in ∣K ∣. Hence,
r ≥ p − rank of O×V
≥ s (proposition 2.2.3).
Hence there are at least s primes ramified by proposition 4.3.1. ◻
Corollary 4.3.5 Let A be a finite abelian group with parameters c1, . . . , cs. If c1 has
a prime divisor in P1, then the minimum ramification of A over K is s.
Proof. By lemma 4.3.2, the minimum ramification of A over K is at most s. Also,
A has a quotient isomorphic to (Z/qZ)s with q ∈ P1 a divisor of c1. By lemma 4.3.4,(Z/qZ)s has minimum ramification s. By lemma 3.2.3, the minimum ramification of
A over K is at least s. ◻
Lemma 4.3.6 Let A = (Z/pZ)s be an elementary abelian group for some prime p ∈
P3⋃{2}, s ∈ Z>0. The minimum ramification of A over K is at least s − 1.
Proof. We will show that any realization of A over K has at least s−1 primes ramified.
Suppose V ∶= {v1, . . . , vr} is a set of primes in ∣K ∣ such that UV /O×V surjects onto A.
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We will show that r ≥ s − 1. Fix such a surjection ϕ. Let pi denote the rational prime
under the place vi. If none of the pi equals p, then from table 4.1, the p-rank of eachO×vi is at most one. Then,
r ≥ p − rank of O×V
≥ s (proposition 2.2.3).
and we may conclude by applying proposition 4.3.1. Thus we may assume that p1 = p.
Case: p = 2. For each i ≥ 2, the 2-rank of the torsion free subgroup of O×vi is zero,
therefore the homomorphism ϕ ∶ O×V ↠ A must be induced by the homomorphism
coming from the subgroup Tors(O×v1)×Z22 ×∏ri=2Tors(O×vi)↠ A, where v1 is the prime
in ∣K ∣ above 2.
Let a1 denote the image of a generator of Tors(O×v1), let a2, a3 be image of the free
topological generators of the torsion free subgroup of O×v1 , and let ai be the image of
a generator of Tors(O×vi−2) for 4 ≤ i ≤ r + 2. Since the ai’s must span A, there must be
at least s many ai’s, that is r + 2 ≥ s. We claim that equality cannot hold. Indeed,
suppose r + 2 = s. Then {a1, . . . , ar+2} forms a basis in A. By post-composing with an
Fp-vector space automorphism of A, we can assume that {a1, . . . , ar+2} is the standard
basis of A = (Z/pZ)s, so that a1 = (1,0, . . . ,0) etc. Now by considering an appropriate
isomorphism between Z/(pii − 1)Z and Tors(O×vi) where i = 2 if pi ∈ P3 and i = 1 if
pi ∈ P1, we may assume that a generator u0 of UV identifies in Z/4Z×∏ri=2Z/(pii −1)Z
as (1, p22 −14 , . . . , prr −14 ). The first component of the image of u0 in A is not 0, hence
u0 is not in the kernel of ϕ and ϕ does not factor through the quotient by UV . This
implies that r = s − 2 is not achievable. Thus we must have the bound r ≥ s − 1.
Case: p ∈ P3. In this case, from table 4.1, the p-rank of O×v1 is two while the p-rank ofO×vi for i ≥ 2 is at most one. Thus by proposition 2.2.3, there must be at least s − 2
primes vi other than v1 such that O×vi maps non-trivially into A, thus r ≥ s − 1. ◻
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Corollary 4.3.7 Let A be a finite abelian group with parameters c1, . . . , cs. The
minimum ramification of A over K is at least s − 1
Proof. Suppose c1 has a prime divisor in P1. Then A has a quotient (Z/pZ)s for some
p ∈ P1. By lemma 3.2.3 and lemma 4.3.4, A has minimum ramification at least s. Now
if c1 has only prime divisors belonging to P3⋃{2}, then A has a quotient (Z/pZ)s for
some p ∈ P3⋃{2}. By lemma 3.2.3 and lemma 4.3.6, the minimum ramification of A
is at least s − 1. ◻
Lemma 4.3.8 Let A = (Z/pqZ)s be a finite abelian group for some distinct rational
primes p, q and V = {v1, . . . , vr} be a finite set of primes in ∣K ∣. If O×V surjects onto A,
then r ≥ s.
Proof. Firstly, by corollary 4.3.5, we may assume that p, q ∈ P3⋃{2}. Suppose O×V
surjects onto A with vi lying over the rational prime pi ∈ Z. If p is not in the set
P ∶= {p1, . . . , pr}, then from table 4.1, O×V can have at most p-rank equal to r. By
Theorem 2.2.5, the p-rank of O×V is at least the p-rank of A, which is s. Thus
r ≥ p − rank of O×V ≥ s.
This applies to q as well. Therefore we are left to consider the case in which both p
and q belong to P .
Suppose that neither p nor q is even. By corollary 4.3.7, we know that r ≥ s − 1. We
claim that equality cannot hold. If r = s − 1, then referring to table 4.1, the p-rank
and q-rank of O×V are both at most r + 1 = s. By Theorem 2.2.5, the p- and q-ranks ofO×V are both at least those of A, both of which are equal to s. It follows that p-rank
of each component O×v for v ∈ V of O×V other than that lying over p must be at least
one; in particular, this is so for O×w where w lies above q, whence p∣q2 − 1. Likewise,
we must have q∣p2 − 1. But this is impossible since if p < q and p is of (multiplicative)
order 2 (mod q), then p must be 1 or q − 1. This is can only be when p = 2 and q = 3,
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but this contradicts the assumption that neither p nor q are even. Hence our claim.
Finally, suppose that p = 2. By table 4.1, the q-rank of O×v0 is zero where v0 is the
prime in V lying over 2, therefore the q-rank of O×V can be at most r − 1. By Theorem
2.2.5, we have
r − 1 ≥ q − rank of O×V ≥ s.
Thus we have the stronger conclusion that r ≥ s + 1 in this case. This concludes the
proof. ◻
Corollary 4.3.9 Let A be a finite abelian group with parameters c1, . . . , cs and V ={v1, . . . , vr} be a finite set of primes in ∣K ∣. Suppose c1 is not a prime power. If O×V
surjects onto A, then r ≥ s. In particular, the minimum ramification of A over K is s.
Proof. Since c1 is not a prime power, it has at least two distinct prime factors p and
q. Thus A has a quotient (Z/pqZ)s. By lemma 3.2.3 and lemma 4.3.8, r ≥ s. By
proposition 4.3.1, the minimum ramification of A is at least s. Applying lemma 4.3.2,
the minimum ramification of A is s. ◻
In the proof of lemma 4.3.8, we have shown the following:
Lemma 4.3.10 There does not exist a pair of odd primes p and q such that p∣q2 − 1
and q∣p2 − 1.
4.3.2 K-good Abelian Groups
From the discussion in the previous section, we see that the minimum ramification over
K of any finite abelian group A, with parameters c1, . . . , cs, over K is either s − 1 or
s. We shall now proceed to make explicit in the isomorphism types of finite abelian
groups with minimum ramification s − 1 over K.
Definition 4.3.11. Let A be a finite abelian group with parameters c1, . . . , cs. We
say that A has property (P) iff there is a set of s− 1 primes V in ∣K ∣ and a surjection
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from O×V onto A.
Let us first give some examples to motivate the arithmetical conditions on an abelian
group A having property (P).
Example 4.3.12. In this example, if p is a rational prime in P3, we let vp denote the
unique prime in ∣K ∣ lying over p.
(a) The abelian group A = Z/7Z×Z/21Z has property (P): we may choose V1 = {v7}.
We note further that V1 = {v7} is the only set of one prime realizing property(P) of A.
(b) The abelian group A = Z/7Z×Z/21Z×Z/105Z has property (P): we may choose
V2 = {v7, v631}. This time, V2 is not the unique set of two primes realizing
property (P) of A. But one may note that any set of two primes realizing
property (P) of A must contain v7.
(c) The abelian group A = Z/7Z × Z/581Z does not have property (P). This is
because v7 is the only finite prime in ∣K ∣ with 7-rank of O×v7 greater than one,
but the 83-rank of O×v7 ≃ Z/48Z × (Z7)2 is zero, thus no single prime v can haveO×v surjecting onto A.
(d) The abelian group A = Z/7Z × Z/581Z × Z/1743Z has property (P): we may
choose V4 = {v7, v83}. Again, V4 is the only set of two primes realizing property(P) of A.
(e) The abelian group A = Z/7Z × Z/581Z × Z/6391Z does not have property (P).
To see this, we note that if V is a set of two primes in ∣K ∣ such that O×V surjects
onto A, then by considering the 7- and 83-ranks of A, we must have v7 and v83
belonging to V . However, the 11-rank of O×{v7,v83} is zero and the 11-rank of A
is one.
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The examples above indicate that the arithmetical conditions on the parameters of A
for A to have property (P) may involve more than the first one or two parameters as
in the case over Q. These examples also exhibit the fact that if A is a finite abelian
group having property (P), then the prime factors of ci for 1 ≤ i ≤ s must have some
arithmetical relationship. In example 4.3.12(a), the factor 3 of 21 divides 72-1=48, in
example 4.3.12(d), the factor 3 of 1743 divides 832-1. We now give the definition of a
class of abelian group.
Definition 4.3.13. Let A be a finite abelian group with parameters c1, . . . , cs. The
group A is K-good if s ≥ 2 and
(a) c1 is a prime power for some prime p1 in P3⋃{2} and
(b) the following algorithm with input A, terminates with output Vout a finite set of
primes in ∣K ∣ and with flag 1:
Algorithm 1 ((P)-Determining Algorithm (PDA))
Step 0: Set V1 ∶= {v1}, where v1 is the prime in ∣K ∣ over p1, set flag to be 0 and
go to step 1.
Step i (i ≥ 1): If i = s, terminate. Else if O×Vi surjects onto Z/c1Z× . . .×Z/c∣Vi∣+1Z,
then set flag to 1, set Vout ∶= Vi and terminate. Else if ci+1 has a unique prime
factor pi+1 distinct from all prime factors of ci such that
(*) The pαi+1i+1 -rank of O×Vi is one less than that of Z/c1Z × . . . ×Z/ci+1Z for some
prime power factor pαi+1i+1 ∣ci+1,
and pi+1 ∈ P3, then let vi+1 be the prime in ∣K ∣ above pi+1, set Vi+1 ∶= Vi⋃{vi+1}
and go to step i + 1. Else terminate.
We note that by construction, PDA always terminates after at most s steps and that if it
terminates with flag 1 (i.e. if A isK-good), the output set Vout satisfies 1 ≤ ∣Vout∣ ≤ s−1.
As the name suggests, PDA determines whether a finite abelian group has property
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(P). This will be proven subsequently. We shall describe here in more arithmetical
terms what a K-good finite abelian group is. Suppose PDA terminates with flag 1 at
step r′ with output Vout. Since at each step i, the set Vi has i elements, we know that∣Vout∣ = r′. For generality, let us assume that A is a K-good group with s parameters
for some large s.
Firstly, for 1 ≤ i < r′, the condition for the algorithm to move from step i to step i + 1
involves the existence of a unique prime factor of the parameter ci+1 distinct from the
prime factors of the previous parameter ci. Since c1 is required to have only one prime
factor, this implies that for each i where 1 ≤ i ≤ r′, the parameter ci has i distinct
prime factors.
Secondly, since pi+1 lies in P3, there is a unique prime vi+1 in ∣K ∣ lying above pi+1. The
assignment Vi+1 ∶= {vi+1}⋃Vi implies inductively that all the primes in ∣K ∣ lying above
some prime factor pj of ci must be in Vi. That is, Vi consists of precisely the set of i
finite primes in ∣K ∣ lying above the i prime factors of ci.
Next, we apply Theorem 2.2.5 to give the arithmetical conditions on the parameters
c1, . . . , ci+1 for the non-termination of the algorithm at step i where 1 ≤ i < r′. Since
non-termination occurs when O×Vi does not surject onto Z/c1Z × . . . × Z/ci+1Z, the
existence of a unique prime factor pi+1 of ci+1 satisfying condition (*), by Theorem
2.2.5, implies that
(a) for each j where 1 ≤ j ≤ i, and for any k ∈ Z>0, the pkj -rank of O×Vi is greater than
or equal to that of Z/c1Z × . . . ×Z/ci+1Z, and
(b) for some αi+1 ∈ Z>0, pαi+1i+1 is a factor of ci+1, pi+1 does not divide ci and the
pαi+1i+1 -rank of O×Vi is zero.
Since Vi contains all the primes in ∣K ∣ lying above the primes p1, . . . , pi, by table 4.1,
the p∞j -rank of O×Vi is two for each j where 1 ≤ j ≤ i and p∞i+1-rank zero. The remaining
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pkj -rank contribution must come from the torsion subgroup of O×Vi . We note that
Tors(O×Vi) ≃
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Z/(p21 − 1)Z × . . . ×Z/(p2i − 1)Z when 2 ∤ ci
Z/4Z ×Z/(p22 − 1)Z × . . . ×Z/(p2i − 1)Z when 2∣ci .
Thus (a) means that the prime factorization of p2j − 1 for each odd pj ∣ci must be such
that for each j with 1 ≤ j ≤ i and for each k ∈ Z>0,
pkj − rank of Z/c1Z × . . . ×Z/ci+1Z − 2 ≤ pkj − rank of Tors(O×Vi).
One may apply a variant version of lemma 2.2.6 (extending it to an abelian pro-p
group having Zp factors) to translate the above inequality into conditions on the prime
factorization of the parameters. For example, if p is an odd prime factor of ci, if the
p-Sylow subgroup of Z/c1Z × . . . ×Z/ci+1Z is Z/px1Z × . . . ×Z/pxmZ with x1 ≤ . . . ≤ xm
and if the p-Sylow subgroup of Tors(O×Vi) is Z/py1Z × . . . × Z/pynZ with y1 ≤ . . . ≤ yn
and m − 2 ≤ n, then the above implies that a surjection from the latter subgroup onto
the product of the first m − 2 factors of the former subgroup exists. By lemma 2.2.6,
for 0 ≤ i ≤ m − 3, we have xm−i−2 ≤ yn−i. Statement (b) means that none of the p2j − 1
with 1 ≤ j ≤ i is divisible by pαi+1i+1 . Statement (a) and (b) are essentially divisibility
conditions on the numbers p2j − 1 for each odd prime pj dividing ci+1.
Finally, we apply Theorem 2.2.5 to give the arithmetical condition on the parameters
c1, . . . , cr′+1 in order for PDA to terminate at step r′. This occurs when there is a
surjection from O×Vr′ = O×Vout onto Z/c1Z × . . . ×Z/cr′+1Z. As above, by Theorem 2.2.5,
this means that for each j such that 1 ≤ j ≤ r′ and each k ∈ Z>0,
pkj − rank of Tors(O×Vout) ≥ pkj − rank of Z/c1Z × . . . ×Z/cr′+1Z − 2
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and for each prime factor q of cr′+1 where q ∤ cr′ , and each k ∈ Z>0,
qk − rank of Tors(O×Vout) ≥ qk − rank of Z/c1Z × . . . ×Z/cr′+1Z.
In this case, it means that each prime power factor qk of cr′+1 with q ∤ cr′ , must divide
p2j − 1 for some odd pj with 1 ≤ j ≤ r′.
The reason for defining K-good abelian group with an algorithm instead of stating all
the arithmetical conditions is that the proof for the equivalence between K-goodness
and having property (P) is essentially algorithmic, which is what we will prove now.
Theorem 4.3.14 Let A be a finite abelian group with parameters c1, . . . , cs and with
s ≥ 2
(a) For A to have property (P), it is necessary and sufficient that A is K-good.
(b) Suppose A is K-good. Let Vout denote the output set of primes given by PDA
with input A. If V is any set of s − 1 primes such that O×V surjects onto A, then
Vout ⊂ V .
(c) Suppose A is K-good and c1 is an odd prime power. If the output of Vout of PDA
has r′ elements, then c1, . . . , cr′ are odd.
Proof. (a) We first prove the sufficiency statement. Suppose A is K-good. Let Vout
denote the output of PDA with input A. By construction, ∣Vout∣ ≤ s − 1 and O×Vout
surjects onto Z/c1Z × . . . ×Z/c∣Vout∣+1Z. For each j such that ∣Vout∣ + 1 < j ≤ s, let pj be
a prime such that pj ≡ 1 (mod 4cj). Then pj ∈ P1. If vj is a prime ∣K ∣ above pj , thenO×vj surjects onto Z/cjZ. Thus these surjections, together with the surjection given by
PDA, induces a surjection from O×Vout ×∏sj=∣Vout∣+2O×vj onto A, which shows that A has
property (P).
Conversely, suppose A has property (P) with O×V surjecting onto A for some set of
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s−1 primes V . Then s ≥ 2 and condition (a) of the definition of K-good is satisfied by
corollary 4.3.9 and corollary 4.3.5. We shall show by induction on i that PDA does not
terminate with flag 0 and if PDA does not terminate at step i, then Vi+1 ⊆ V . (Note
that Vi+1 is defined at step i). The reader is invited to refer to the definition of K-good
abelian groups to uncover what it entails to prove this statement by induction before
proceeding to read the proof.
Base case (i = 0). By definition, PDA does not terminate at step 0. Next, v1 must be
in V , otherwise it follows from table 4.1 that the p1-rank of O×V is at most s− 1, while
the p1-rank of A is s, which contradicts Theorem 2.2.5. Thus {v1} = V1 ⊆ V .
Induction hypothesis (step 0 to i − 1). Suppose PDA with input A reaches the end of
step i − 1 for some i ≥ 1 without terminating with flag 0 and Vi ⊆ V .
Inductive step (step i, i ≥ 1). Suppose i = s. Since s ≥ 2, we have i ≥ 2. By induction
hypothesis, Vi−1 ⊆ V and since both sets contain s − 1 primes, Vi−1 = V . Since PDA
reaches step i, this means that O×Vi−1 does not surject onto A, which is a contradiction.
Therefore i < s.
Suppose O×Vi does not surject onto Z/c1Z×. . .×Z/ci+1Z. We have to prove the existence
of pi+1 satisfying condition (*) and the uniqueness of pi+1. We begin with uniqueness.
Uniqueness of pi+1. To prove uniqueness, we first show that any q satisfying condition
(*) (only condition (*)) must satisfy: (i) q is not a prime factor of ci, (ii) q ∈ P3, (iii) if ω
is the finite prime in ∣K ∣ lying over q, then ω ∈ V . By induction hypothesis, since PDA
does not terminate with flag 0 at step i − 1, at each step j with 1 ≤ j ≤ i − 1, the finite
prime adjoined to Vj is a prime factor of cj+1. Therefore Vi consists of precisely the set
of finite primes in ∣K ∣ lying above some prime factor of ci (compare with the second
point in the discussion following the definition of K-good abelian groups). Suppose ω
lies over q. Since ω is the only possible prime in ∣K ∣ with qα-rank of O×ω being two, if
any of (i), (ii) or (iii) is not satisfied, then there is no finite prime v ∈ V /Vi such that
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O×v has qα-rank two (cf. table 4.1): in the case where (i) is not satisfied, ω ∈ Vi, in the
case where (ii) is not satisfied, there is no prime v in ∣K ∣ such that O×v has qα-rank two,
in the case where (iii) is not satisfied, ω ∉ V . Therefore if (i), (ii) or (iii) is not satisfied,
the qα-rank of O×V /Vi is at most s − 1 − i, which is the qα-rank of Z/ci+2Z × . . .Z/csZ.
Since q satisfies condition (*), by considering O×V ≃ O×Vi ×O×V /Vi , we have
qα − rank of O×V = (qα − rank of O×Vi) + (qα − rank of O×V /Vi)< (qα − rank of Z/c1Z × . . . ×Z/ci+1Z)
+ (qα − rank of Z/ci+2Z × . . . ×Z/csZ)
= qα − rank of Z/c1Z × . . . ×Z/csZ.
By Theorem 2.2.5, this implies that O×V does not surject onto A, which is a contradic-
tion. Thus all 3 conditions (i), (ii) and (iii) must be satisfied. To complete the proof of
uniqueness, suppose q′ is another prime satisfying condition (*) with (q′)α′-rank of O×Vi
being one less than that of Z/c1Z × . . . × Z/ci+1Z. Then q′ also satisfies conditions (i),
(ii) and (iii). In particular, if ω′ lies over q′, then by conditions (i) and (iii), ω′ ∈ V /Vi.
Also, since condition (i) holds, the qα- and (q′)α′-rank of A are both s− i. By Theorem
2.2.5, the qα- and (q′)α′-rank of O×V must be at least s− i. On the other hand, we have
qα − rank of O×V = (qα − rank of O×Vi) + (qα − rank of O×V /Vi)= 0 + (qα − rank of O×V /Vi) (condition (∗))≤ s − i (table 4.1)
with equality only if Tors(O×ω′) has qα-rank one, that is, qα∣((q′)2 − 1). Similarly, the(q′)α′-rank of O×V is at most s− i with equality only if (q′)α′ ∣q2 − 1. This is impossible
since by condition (ii), q and q′ are odd and by lemma 4.3.10, no such pair of primes
exists. This proves the uniqueness.
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Existence of pi+1. From the proof of uniqueness, we only need to show the existence of
a prime q satisfying condition (*). By Theorem 2.2.5, there must be some q such that
for some α ∈ Z>0, the qα-rank of Z/c1Z × . . . × Z/ci+1Z is strictly greater than that ofO×Vi . Since c1∣ . . . ∣ci∣ci+1, we may assume qα is a factor of ci+1. If
(qα − rank of Z/c1Z × . . . ×Z/ci+1Z) − (qα − rank of O×Vi) ≥ 2,
then as above,
qα − rank of O×V = (qα − rank of O×Vi) + (qα − rank of O×V /Vi)≤ (qα − rank of Z/c1Z × . . . ×Z/ci+1Z) − 2 + s − i
= (qα − rank of Z/c1Z × . . . ×Z/csZ) − 1
< (qα − rank of A)
and by Theorem 2.2.5, O×V does not surject onto A, a contradiction. The qα-rank ofO×Vi is exactly one less than that of Z/c1Z × . . . ×Z/ci+1Z. This proves the existence.
By definition, Vi+1 = Vi⋃{vi+1} and vi+1 ∈ V as shown above by condition (iii). By
induction hypothesis, Vi ⊆ V , thus Vi+1 ⊆ V . This completes the inductive proof that
PDA with input A cannot terminate with flag equal to 0 and Vi+1 ⊆ V . Since PDA
terminates, the algorithm terminates with flag 1 at some step i0 < s and there is a
surjection from O×Vi0 onto Z/c1Z × . . . ×Z/ci0+1Z, that is A is K-good.
(b) This is proven along the way when we prove the necessity part of part (a).
(c) By the definition of PDA, if it does not terminate with flag 1 at step i, then ci+1
has a unique prime factor in P3 distinct from prime factors of ci. Thus, if c1 is odd,
then c1, . . . , cr′ have only odd prime factors, hence c1, . . . , cr′ are all odd numbers. ◻
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4.3.3 Admissibility
We shall now set things up in order to apply the results of §2.3. Let V be a finite set
of r primes v1, . . . , vr in ∣K ∣.
Lemma 4.3.15 The FGA-pi group O×V is admissible.
Proof. Suppose p1, . . . , pr are the rational primes under the primes in V (note that it
is possible for a prime in P1 to appear twice in this list). By lemma 4.2.2, we have
Tors(O×V ) ≃ Z/c1Z × . . . ×Z/crZ
where ci = pi − 1 if pi ∈ P1, ci = p2i − 1 if pi ∈ P3 and ci = 4 if pi = 2. It follows that
if 2ki is the largest 2-power dividing ci, then ki ≥ 2 for each i and Syl2(Tors(O×V )) ≃
Z/2k1Z × . . . ×Z/2krZ. Hence, O×V is admissible. ◻
Let pi be the rational prime under vi. For each i, we define the constant ηi = ∣µ(Kvi)∣/4;





4 if vi∣pi with pi ∈ P3
pi−1
4 if vi∣pi with pi ∈ P1.
For each i with 1 ≤ i ≤ r, let ρi ∈ K×vi be a primitive ∣µ(Kvi)∣-th root of unity, such
that ρηii = √−1. Finally, for each rational prime pi, we let 2`i be the 2-component
factor of ∣µ(Kvi)∣, that is, ∣µ(Kvi)∣/2`i is odd for each i. By permutating, we may
assume that `1 ≤ `2 ≤ . . . ≤ `r so that the normal form of Syl2(Tors(O×V )) is just
A(O×V ) = Z/2`1Z× . . .×Z/2`rZ (cf. notation from §2.3). We can now define an explicit
isomorphism between Syl2(Tors(O×V )) and its normal form. Define γO×V by
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γO×V ∶ Syl2(Tors(O×V )) → A(O×V )(1, . . . ,1, ρ ηi2`i−2i®
i-th position
,1, . . . ,1) ↦ (0, . . . ,0, 1®
i-th position
,0, . . . ,0).
The following lemma expresses that results in §2.3 may be applied here.
Lemma 4.3.16 The isomorphism γO×V maps the subgroup UV of Tors(O×V ) onto the
subgroup UO×V of A(O×V ).
Proof. The subgroup UV of Syl2(Tors(O×V )) is generated by √−1 = (ρη11 , . . . , ρηrr ). It
suffices to show that
√−1 is mapped under γO×V to uO×V . We have
γO×V (√−1) = γO×V (ρη11 , . . . , ρηrr )= r∑





, . . . ,1))
= (2`1−2, . . . ,2`r−2)
= uO×V .
This concludes the proof. ◻
4.3.4 Main Theorem
In view of Theorem 4.3.14, an abelian group A has property (P) iff A is K-good. To
realize an abelian group A with parameters c1, . . . , cs with only s − 1 primes ramified
over K, we must have a set of s − 1 primes V such that O×V surjects onto A factoring
through the quotient by UV . Due to this, we make the two following definitions.
Definition 4.3.17. An abelian group A with parameters c1, . . . , cs has strong property(P) over K if there is a set of s − 1 primes V such that O×V surjects onto A factoring
through the quotient by UV .
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Definition 4.3.18. An abelian group A with parameters c1, . . . , cs is strongly K-good
if A is K-good with output Vout, a set of r′ finite primes from PDA with input A such
that O×Vout surjects onto Z/c1Z × . . .Z/cr′+1Z factoring through the quotient by UVout .
Note that by proposition 4.3.1, finite abelian groups having strong property (P) are
abelian groups which can be realized as Galois groups of extensions over K with s − 1
primes ramified; they are the finite abelian groups with minimum ramification s − 1.
In many cases, K-good abelian groups are already strongly K-good:
Proposition 4.3.19 Let A be a finite abelian group with parameters c1, . . . , cs. Sup-
pose A is K-good with Vout the output of PDA and that the parameters of A satisfy
one of the following:
(a) c1 is a power of 2.
(b) c1 is an odd prime power and ∣Vout∣ > 1.
(c) c1 is an odd prime power, ∣Vout∣ = 1 and ord2(p2 − 1) ≥ord2(c2) + 2.
Then A is strongly K-good.
Proof. Let us first fix the notations. We use primed alphabets for parameters associated
to subgroups. Let r′ ∶= ∣Vout∣ and A1 ∶= Z/c1Z × . . . × Z/cr′+1Z be the product of the
first r′ + 1 factors of A. Suppose we have the following finite abelian 2-groups in their
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normal forms:
Syl2(Tors(O×V )) ≃ Z/2`1Z × . . . ×Z/2`s−1Z with 0 < `1 ≤ . . . ≤ `s−1
Syl2(Tors(O×Vout)) ≃ Z/2`′1Z × . . . ×Z/2`′r′Z with 0 < `′1 ≤ . . . ≤ `′r′
Syl2(A) ≃ Z/2k1Z × . . . ×Z/2ktZ with 0 < k1 ≤ . . . ≤ kt, t ≤ s
Syl2(A1) ≃ Z/2k1Z × . . . ×Z/2kt′Z with t′ ≤ t
{`′1, . . . , `′r′} ⊆ {`1, . . . , `s−1}
Case: (a) holds for the parameters of A. Then t = s and t′ = r′ + 1. If w is the
prime in ∣K ∣ above 2, then w ∈ Vout ⊆ V by definition of PDA and that A is K-good.
If r′ = 1, then Vout = {w} and since O×Vout surjects onto A1, this shows that A1 is
an abelian 2-group with 2 factors and O×Vout surjects onto A1 factoring through the
quotient by UVout , thus suppose r′ ≥ 2. We have `′1 = 2 because O×Vout is admissible and
the torsion subgroup of O×w is of order 4. Since O×Vout surjects onto A1, Theorem 2.2.5
implies that the 2-Sylow subgroup of O×Vout surjects onto Syl2(A1). Since the 2∞-rank
of O×Vout is two (table 4.1), Syl2(Tors(O×Vout)) surjects onto Z/2k1Z × . . . × Z/2kr′−1Z.
By lemma 2.2.6, we get that `r′ ≥ kr′−1, . . ., `′2 ≥ k1. This implies that the 2k-rank of
Z/2`′2Z× . . .×Z/2`′r′Z is at least the 2k-rank of Z/2k1Z× . . .×Z/2kr′−1Z for every k > 0.
By corollary 2.3.9, we get that O×Vout surjects onto A1 factoring through the quotient
by UVout . Thus, A is strongly K-good.
Case: (b) holds for the parameters of A. Since A is K-good, by Theorem 4.3.14(c),
c1, . . . , cr′ are odd, therefore t ≤ s − r′. If Syl2(A1) is trivial, we conclude by applying
lemma 2.3.4. Therefore we suppose that Syl2(A1) is non-trivial. Then t′ = 1 and
Syl2(A1) ≃ Z/2k1Z. Since the c1-rank of A is s while the c1-rank of O×w is zero, we
must have w ∉ V , otherwise the c1-rank of O×V will be less than s. Therefore the 2∞-
rank of O×V is zero. By condition (b), r′ > 1. By PDA, Tors(O×Vout) surjects onto A1,
55
hence Syl2(Tors(O×Vout)) surjects onto Syl2(A1), so we must have `′r′ ≥ k1 by lemma
2.2.6. Therefore the 2k-rank of Z/2`′1−2Z×Z/2`′2Z× . . .×Z/2`′r′Z is at least the 2k-rank
of Z/2k1Z for every k. By corollary 2.3.9, O×Vout surjects onto A1 factoring through the
quotient by UVout . Thus, A is strongly K-good.
Case: (c) holds for the parameters of A. Since A is K-good with output Vout, O×Vout
surjects onto Z/c1Z×Z/c2Z. Since ord2(p2 − 1) ≥ord2(c2)+ 2 holds, by corollary 2.3.9,O×Vout surjects onto Z/c1Z × Z/c2Z factoring through the quotient UVout . Hence A is
strongly K-good. ◻
Remark 4.3.20. We note that the converse of proposition 4.3.19 is also true: if a finite
abelian group is strongly K-good, then it is K-good and must be in one of the cases
in proposition 4.3.19.
Theorem 4.3.21 Let A be a finite abelian group with parameters c1, . . . , cs. Then A
has strong property (P) iff A is strongly K-good.
Proof. We prove the backward implication first. Suppose A is strongly K-good. ThenO×Vout surjects onto A1 ∶= Z/c1Z× . . .×Z/cr′+1Z factoring through the quotient by UVout .
By lemma 4.3.2, there is a finite setW of s−r′−1 primes in P1 (therefore disjoint from
Vout) such that O×W surject onto Z/cr′+2Z × . . . ×Z/csZ factoring through the quotient
by UW . By applying proposition 2.3.3, we get that for V ∶= Vout⋃W a set of s−1 finite
primes, the group O×V surjects onto A factoring through the quotient by UV . Thus A
has strong property (P).
We prove the forward implication now. Suppose A has strong property (P) with O×V
surjecting onto A factoring through the quotient by UV for some finite set of s − 1
finite primes V . By Theorem 4.3.14(a), A is K-good and with Vout output from PDA
and O×Vout surjects onto A1. By proposition 4.3.19, we only need to consider the case
where c1 is an odd prime power and if Vout is the output of PDA with input A, then
r′ ∶= ∣Vout∣ = 1.
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By assumption, c1 is odd, thus keeping notation from the proof of proposition 4.3.19,
we have t′ = 1 with k1 > 0 or Syl2(A1) is trivial. In the latter case, the theorem is
trivially true. Thus we consider the case where t′ = 1 with k1 > 0, and in this case
t = s − 1. This implies that Syl2(A) and Syl2(Tors(O×V )) have the same number of
factors. Since Syl2(Tors(O×V )) surjects onto Syl2(A) factoring through the quotient by
UV , by corollary 2.3.9, the 2k-rank of Z/2`1−2Z×Z/2`2Z× . . .×Z/2`s−1Z is greater than
the 2k-rank of Syl2(A) for each k. By lemma 2.2.6, we have `s−1 ≥ kt, . . . , `1 − 2 ≥ k1.
In particular, if `′1 = `i0 for some 1 ≤ i0 ≤ s − 1,
`′1 = `i0 ≥ `1 ≥ k1 + 2
which implies that Syl2(Tors(O×Vout)) ≃ Z/2`i0 surjects onto Syl2(A1) factoring through
the quotient by UVout . This implies that A is strongly K-good. ◻
We summarize all cases into the following corollary.
Corollary 4.3.22 Let A be a finite abelian group with parameters c1, . . . , cs.
(a) Suppose s = 1. Then the minimum ramification of A over K is one.
(b) Suppose s ≥ 2. Then
(i) if A is strongly K-good, then minimum ramification of A over K is s − 1,
(ii) if A is not strongly K-good, then minimum ramification of A over K is s.
Let A be a strongly K-good finite abelian group with parameters c1, . . . , cs. The
arithmetical conditions on the parameters of A for being strongly K-good are the
conditions as described in the discussion following the definition of K-good abelian
groups together with that imposed by corollary 2.3.9. In more precise terms, suppose
PDA with input A terminates at step r′ with output Vout, and let A1 denote the
subgroup Z/c1Z× . . .×Z/cr′+1Z of A. Suppose also that Syl2(Tors(O×Vout)) has normal
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form Z/2`1Z × . . . ×Z/2`r′Z with `1 ≤ . . . ≤ `r′ and Syl2(A1) has normal form Z/2k1Z ×
. . .×Z/2ktZ with k1 ≤ . . . ≤ kt for some t ≤ r′+1. Let p1, . . . , pr′ be the r′ distinct prime
factors of cr′ . The conditions on the parameters c1, . . . , cr′ , cr′+1 are
(a) (Non-termination of PDA at step i, i < r′). For each i such that 1 ≤ i < r′, for
each j such that 1 ≤ j ≤ i and for each k ∈ Z>0
pkj − rank of Tors(O×Vi) ≥ pkj − rank of Z/c1Z × . . . ×Z/ci+1Z − 2,
(b) (Non-termination of PDA at step i, i < r′). For each i such that 1 ≤ i < r′, for
each j such that 1 ≤ j ≤ i and for each k ∈ Z>0,
pαi+1i+1 ∣ci+1 but pαi+1i+1 ∤ p2j − 1,
(c) (Termination of PDA at step r′). For each j such that 1 ≤ j ≤ r′ and each k ∈ Z>0,
pkj − rank of Tors(O×Vout) ≥ pkj − rank of Z/c1Z × . . . ×Z/cr′+1Z − 2,
(d) (Termination of PDA at step r′). For each prime factor q of cr′+1 where q ∤ cr′ ,
and each k ∈ Z>0,
qk − rank of Tors(O×Vout) ≥ qk − rank of Z/c1Z × . . . ×Z/cr′+1Z = 1 or 0,
(e) (Factoring through the quotient UVout/O×Vout , corollary 2.3.9). Suppose the 2∞-
rank of O×Vout is α. For every k ∈ Z>0,
2k−rank of Z/2`1−2Z×Z/2`2Z× . . .×Z/2`r′Z ≥ 2k−rank of Z/2k1Z× . . .×Z/2kt−αZ.
Remark 4.3.23. One may apply lemma 2.2.6 to get even more precise conditions on the
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primes p1, . . . , pi replacing statement about the bounds of pk-ranks, but we omit it in
view of the potential notational difficulty and we prefer instead, to describe conditions
in terms of pk-ranks of the relevant groups.
We shall, in the final note, point out an observation. The work of chapter 4, in
particular the definition of K-good abelian group and the algorithm PDA, may be
generalized to the case Q and the results of chapter 3. More precisely, we may define
the notion of Q-good abelian group by replacing all references to local unit groups O×v
to the corresponding Z×p . In the case over Q, we may set the subgroup U of Ẑ× to
be the trivial group. Hence there is no difference between strongly Q-good abelian
groups and Q-good abelian groups and one may check that, abelian groups satisfying
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